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1.  Introduction 


The  theories  that  describe  the  finite  deformations  of  continuous  media, 

most  notably  the  theory  of  finite  elasticity,  all  satisfy  correct  invariance 

requirements'''.  In  contrast,  as  is  well  known,  the  classical  theory  of  inifinitesi- 

mal  elasticity  does  not  satisfy  correct  invariance  requirements;  the  theory  of 

infinitesimal  deformations  superposed  on  a  finite  deformation  is  not  an 

invariant  theory  either*.  A  further  example  of  a  theory  of  practical  importance 

that  does  not  satisfy  correct  invariance  requirements  is  that  of  "physically 

nonlinear"  elasticity  in  which  the  deformation  is  assumed  to  be  infinitesimal, 

while  the  constitutive  equation  is  nonlinear  in  the  infinitesimal  strain. 

* 

Statements  have  occasionally  been  made  in  the  literature  --with  evident 
justification -- regarding  the  physical  meaninglessness  of  infinitesimal  theories 
which  fail  to  satisfy  full  invariance  requirements,  it  being  pointed  out  that 
such  theories  could  not  possibly  apply  to  any  material  undergoing  finite 
deformation.  The  purpose  of  this  paper  is  to  introduce  an  invariant  infinitesi¬ 
mal  theory  of  motions  superposed  on  any  given  motion.  This  includes,  of  course, 
as  a  special  case  an  invariant  infinitesimal  theory.  While  our  method  of 
approach  and  all  of  the  kinematical  and  kinetical  results  hold  for  any  material, 
we  devote  special  attention  to  elastic  solids. 


*£iy  this  we  mean  invariance  requirements  under  superposed  rigid  body  motions , 
which  embody  the  idea  that  all  motions  of  a  body  which  differ  only  by  a  rigid 
motion  are  mechanically  equivalent.  We  do  not  employ  here  the  principle  of 
material  frame -indifference  (or  material  objectivity)  which  is  used  by  some 
authors  as  an  alternative  to  invariance  requirements  under  superposed  rigid 
tody  motions . 

*It  is  rather  disconcerting  that  an  infinitesimal  theory  of  a  deformable  medium 
(such  as  the  classical  infinitesimal  elasticity)  does  not  include  as  a  special 
case  that  for  which  the  deformation  is  zero,  i.e.,  the  theory  of  rigid  bodies. 

\'<=e  Coleman  and  Noll  (1961,  p.  24^)  and  Truesdell  and  Noll  (1965 >  P*  117 )  • 
Reference  may  also  be  made  to  a  related  remark  by  Truesdell  and  Toupin 
(I960,  p.  724). 
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Examination  of  the  usual  infinitesimal  theory 

The  main  reason  that  infinitesimal  theories  do  not  satisfy  invariance 
requirements ,  which  are  met  by  the  finite  theories ,  lies  in  the  different 
behavior  exhibited  by  the  infinitesimal  and  the  finite  strain  tensors  when  an 
arbitrary  rigid  motion  is  superposed  on  a  given  motion  of  a  body  ©.  To  elaborate, 
recall  that  the  finite  (relative)  strain  tensor  defined  by  E  =  2'(C-l),  where  C 

rs*  a/ 

is  the  Cauchy-Green  measure  of  deformation  and  I  the  identity  tensor,  is 
invariant  under  superposed  rigid  body  motions.  A  consequence  of  such  invariance 
is  that  E  must  take  on  a  constant  value  for  all  rigid  motions  of  ®;  by  choice 
it  is  arranged  in  the  definition  of  E  that  this  constant  value  be  zero.  Under 
certain  conditions,  the  infinitesimal  strain  tensor  e  furnishes  a  linear  approxi- 
mation  to  E  and  is  used  in  constitutive  equations  intended  to  describe  the 
mechanical  response  of  certain  materials.  This  inevitably  leads  to  the  fol¬ 
lowing  difficulties:  (l)  the  only  rigid  motions  for  which  e  equals  zero  are 
the  translations,  and  (2)  the  strain  e  is  not  invariant  under  arbitrary  super- 
posed  rigid  motions  of  the  body  ffl.  Indeed,  if  contrary  to  (2)  the  tensor  e_ 
were  invariant  under  arbitrary  superposed  rigid  motions,  then  it  would  be  zero 
for  all  rigid  motions  and  this  would  contradict  (l). 

To  illustrate  points  (1)  and  (2),  consider  the  classical  linear  theory  of 
elastic  solids  whose  constitutive  equation  relative  to  a  homogeneous  unstressed 
reference  configuration  K  can  be  written  as 


> 


1=0 p£[e]  »  (1.1) 

where  K[£]  is  linear  in  £,  T  is  the  Cauchy  stress  tensor,  K  is  a  constant 
fourth  order  tensor  and  Qp  is  the  mass  density  of  the  body  (B  in  configuration 
tC.  When  an  arbitrary  rigid  motion  is  superposed  on  x>  resulting  in  a  motion 
X  ,  it  is  generally  regarded  as  a  physically  acceptable  assumption  that  the  stress 
vector  t  (representing  surface  force  per  unit  current  area)  be  unaltered  apart 
from  orientation^.  As  a  consequence  of  this,  the  Cauchy  stress  tensor  T+  in 
the  motion  x  is  related  to  the  stress  tensor  T  in  the  motion  X  by 

~  r- 

T+  =  QTQT  .  (1.2) 

In  (1.2),  Q  is  a  proper  orthogonal  tensor  function  of  time  which  corresponds 

T 

to  the  rigid  rotation  in  the  superposed  motion,  and  Q,  is  the  transpose  of  Q. 

~  /O 

For  the  special  motion  in  which  the  body  (B  remains  always  in  its  reference 
configuration,  e =  0  and  hence  T =  0  by  (1.1).  Then,  if  (1.2)  were  satisfied,  T 
should  equal  zero  for  all  rigid  motions.  However,  if  we  use  the  definition  of 
infinitesimal  strain  e  [see  Eqs.  (2.8)  and  (2.lU)  ] ,  we  see  that  the  value  of  e 
in  a  rigid  motion  is 

e  =  it(«-l)T.(a-I))  =-J(a-I)T(«-I)  .  (1.3) 

Hence,  in  view  of  (l.l),  in  a  rigid  motion  we  have 

T=-|0P  K[(Q-l)Vl)]  ,  (1.4) 

which  contradicts  the  result  noted  above.  On  this  account  in  the  classical 

linear  theory  of  elasticity  it  is  stipulated  that  only  rigid  motions  which  are 

themselves  infinitesimal  be  allowed  to  enter  the  theory,  because  e  given  by 

(1.3)  is  approximately  zero  for  such  motions;  and,  in  turn,  T  given  by  (1.4) 

_  ^ 

%ee  Green  and  Naghdi  (1979)  for  the  motivation  and  precise  meaning  of  this 
terminology. 
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is  approximately  zero  axso.  Thus,  we  see  tnat  the  usual  method  of  constructing 
the  infinitesimal  theory  of  elasticity — which  results  in  the  choice  of  .  as  a 
strain  measure  --  forces  us  to  exclude  the  class  of  finite  rigid  motions  from 
the  theory,  despite  the  fact  that  general  physical  considerations  [embodied  in 
Bq-  (1.2)]  require  that  T  =  0  for  all  rigid  motions. 

The  discussion  in  the  preceding  paragraph  pertains  to  the  effect  of  a 
purely  rigid  motion.  We  now  turn  to  a  related  examination  of  the  constitutive 
equation  of  a  linearly  elastic  solid  when  a  rigid  motion  is  superposed  on  a 
given  motion.  To  this  end,  we  observe  that  even  if  e  were  zero  for  all  rigid 

l"N/ 

motions  it  would  still  seem  undesirable  that  e  be  altered  under  arbitrary  super- 
posed  rigid  motions.  For,  if  e  is  used  as  an  ingredient  of  the  constitutive 
equation  characterizing  the  mechanical  response  of  a  material,  the  resulting 
theory  will  then  predict  that  the  response  should  in  general  change  when  the 
body  is  imparted  an  arbitrary  (i.e.,  not  necessarily  infinitesimal)  superposed 
rigid  motion.  It  is  easy  to  show  that  if  x+  and  X  differ  only  by  a  rigid  motion 
then  the  measure  e+  calculated  for  the  motion  X  is  related  to  the  measure  e 
for  the  motion  X  by  the  equation 

2e+  -  2e  -  (Q-l)T(Q-i;  (v-l)(F-l)  +  {(Q-I)(F-I)}T  ,  (1*5) 


where  F  is  the  deformation  gradient  in  the  motion  X.  Utilizing  (l.l)  and  (1.5) 

rsj  M 

we  find  that  the  Cauchy  stress  in  the  motion  X+  may  be  expressed  as 


K  T  e  +  ]  = 


K[(Q-I)T(Q-I)J  0p  K[(Q-I)(F-I)  + {(Q-I)(F-I)}] 


0p  kl  [z~z' 


(1.6) 


with  the  constant  tensor  K  remaining  unaltered  for  a  given  material.  However, 
if  we  use  (1.2)  and  (1.1),  we  are  led  to  the  relation 

T+  =  T  +  (Q-I  )T  +  T(Q-I  )T  +  (Q-I  )T(Q,-l)T 

^  -v  /V  /v  rw  rsj  rw  iv 

=  T+»((Q-l)K[e]  +  ((Q-l)K[e])T  +  (Q-l)K[e](Q-l)T}  .  (1.7) 

The  right-hand  '•j.diS  of  (1.6)  and  (1.7)  are  in  general  unequal  and  consequently 
T+  is  riot  given  by  K[e+]  as  it  ought  to  be.  Furthermore,  this  behavior  will  be 
reflected  mathematically  in  the  failure  of  the  differential  equations  of  motion 


to  transform  correctly  into  the  equations  describing  motions  which  differ  from 
a  given  motion  only  by  a  rigid  motion.  Of  course,  if  both  (P-l)  and  (Q-l)  are 

/v  <v  <%/ 

taken  to  be  negligible  in  (1-5),  (1.6)  and  (1.7),  then  these  equations  yield 
the  approximate  relations 

e+  «  e  ,  p  K[e+]  «  T  ,  T+  ra  T  (1.8) 

and  hence  the  result 

T+  «  p  K[e+]  .  (1.9) 

The  latter  procedure  is  the  one  adopted  in  the  classical  theory  of  (infinitesi¬ 
mal)  elasticity.  It  is  then  said  that  the  infinitesimal  strain  tensor  is 
invariant  under  infinitesimal  superposed  rigid  body  motions  and  that  the 
constitutive  equation  (l.l)  is  ir  variant  under  infinitesimal  superposed  rigid 
body  motions.  An  analysis  that  parallels  the  foregoing  can  be  carried  out  for 

§ 

the  usual  theory  of  infinitesimal  deformations  superposed  on  a  given  deformation  . 

1.2  Nature  of  results  for  a  properly  invariant  infinitesimal  theory 

The  construction  of  an  invariant  infinitesimal  theory  is  effected  here  by 

the  simple  device  of  first  removing  from  any  given  motion  X  the  translation  and 

rotation  at  any  one  particle  Y  of  ©,  called  a  pivot  in  section  3,  arriving  thereby 

[see  Eq.  (3-2)]  at  a  motion  X  .  The  invariant  behavior  of  the  finite  strain 

*  * 

tensor  E  implies  that  the  finite  strain  tensor  E  in  the  motion  X  takes  on  the 

iv  v 

same  value  as  E  at  corresponding  values  of  their  arguments.  We  next  assume 

/v 

*  * 
that  the  displacement  gradient  of  X  is  small.  The  linear  approximation  e  to 

r++ 

X 

E  is  the  measure  upon  which  our  infinitesimal  theory  is  based.  As  shown  in 

IV 

* 

section  3>  the  strain  tensor  e  is  invariant  under  arbitrary  superposed  rigid 
body  motions  of  ©  and  takes  on  the  value  zero  for  all  rigid  motions  of  ©. 

§See  Sec.  68  of  Truesdell  and  Noll  (1965),  where  additional  references  can  be 
found. 
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Within  the  framework  of  the  present  paper,  the  constitutive  equation  of  a 
linearly  elastic  solid  takes  the  form^" 

T  =  op  R(Y,t)K[e*]RT(Y,t)  ,  (1.10) 

where  R(Y,t)  is  the  rotation  tensor  at  the  particle  Y  at  time  t.  When  X  is 

/v 

transformed  into  X+  by  an  arbitrary  superposed  rigid  motion  of  ©, 

:•:(!'  ,t)  R+(Y,t+)  =  Q  R(  Y  ,t)  ,  e  -*•  e+*  =  e  and  T+  is  given  by 

T  =  p  R  ( Y,t  )X  [e  (R  Y,t  )}A 

=  pQR(Y,t)K[e*][  Q  R (Y,t ) }T 

=  q,tqt  ,  (1.11) 

so  that  (1.10)  is  indeed  an  invariant  constitutive  equation.  Recalling  (1.2) 
we  denote  the  Cauchy  stress  tensor  in  the  motion  X  by 

T*  =  RT(Y,t)  TR(Y,t)  ,  (1.12) 

in  which  case  (1.10)  takes  the  appealing  form 

T*  =  p  X[e*]  .  (1.13) 

«*-»  [J  r*J  r** 

Happily  the  last  equation  is  identical  in  form  to  (1.1 ),  which  allows  the 
infinitesimal  theory  of  section  4  to  be  brought  into  direct  correspondence 
with  trie  (classical)  linear  theory  of  elasticity  by  a  simple  reinterpretation 
cf  the  symbols  ■  mployed  in  the  latter  theory.  We  emphasize  that,  in  contrast 
t  .  (1.1),  the  constitutive  equation  (1.13)  is  invariant  under  arbitrary  super- 
pi:s-'d  rigid  motif  ns  of  ©. 

The  conceptual  advantages  of  an  approximate  theory  based  on  the  strain 
* 

measure  e  rather  than  on  e  lies  in  the  fact  that  such  a  theory  is  properly 
m 

We  emphasize  that  for  a  particular  choice  of  pivot,  Y  is  fixed  in  (1.10) 
and  H( Y ,t )  varies  with  time  only. 


invariant  under  arbitrary  superposed  rigid  motions,  rendering  the  results 
physically  meaningful,  and  that  the  theory  includes  as  possible  motions  the 
entire  class  of  rigid  motions.  In  effect,  by  following  the  scheme  outlined 
above,  we  are  able  to  approximate  the  finite  theory  while  keeping  the  invariance 
requirements  intact.  It  is  precisely  the  fact  that  the  invariance  requirements 
are  themselves  approximated  in  the  classical  infinitesimal  theories  that  leads 
to  the  shortcomings  of  these  theories  mentioned  earlier.  While  the  usual  method 
of  linearizing  a  finite  theory  involves  the  systematic  approximation  of  every 
equation  of  the  theory,  our  results  demonstrate  that,  if  meaningful  physical 
results  are  to  be  derived,  it  is  essential  to  distinguish  between  invariance 
requirements  which  are  to  be  kept  intact,  and  the  remainder  of  the  finite 
theory  which  may  be  approximated.  Indeed,  by  first  removing  (from  all 
particles  of  the  body)  a  rotation  and  translation  from  a  motion  X  and  then 
performing  approximation,  the  present  method  (sections  3  and  4)  yields  a 
properly  invariant  theory. 

1. 3  Outline  of  contents  and  additional  remarks 

Sections  2  and  3  are  concerned,  respectively,  with  some  preliminary  back¬ 
ground  material  and  the  construction  of  an  invariant  infinitesimal  strain 
measure.  Some  aspects  of  these  make  use  of  the  notions  of  equivalence  relations 
and  equivalence  classes,  the  relevant  details  of  which  are  elaborated  upon  in 
Appendix  A  of  the  paper  (following  section  5)-  Using  the  results  of  section  3j 
an  invariant  infinitesimal  theory  of  motions  superposed  on  a  given  motion  is 
developed  in  section  4  and  begins  with  two  independent  motions  ^X  and  ^X  of  the 
same  body  composed  of  the  same  material.  Removing  from  both  motions  the  trans¬ 
lation  and  rotation  at  any  one  particle  Y  of  S  while  maintaining  the  same  stretch, 

■*  * 

we  arrive  at  two  motions  X  and  X  .  This  is  followed  by  introduction  of  the 

gradient  H  of  the  relative  displacement  field  X  -,X  taken,  at  each  instant  of 

* 

time,  with  respect  to  the  configuration  occupied  by  ©  in  the  motion  X  at  that 

instant.  The  gradient  H  is  unaltered  when  rigid  motions  are  superposed  on  either 

^X  or  gX,  or  both.  We  next  assume  that  H  is  small  and  we  derive  a  relationship 

T. 


r 


[tee  Eq.  (4-31 '»]  between  the  Cauchy  stress  tensors  fur  the  motions  X*  and 
jX  wi'.ie:  :s  properly  invariant  under  arbitrary  superposed  rigid  body  motions. 

This  is  our  main  result. 

As  1  j  ted  earlier  in  this  section,  our  method  of  construction  involves  the 
removal  from  all  motions  the  translation  and  rotation  at  any  particle  Y.  In 
section  i ,  we  examine  the  nature  of  the  results  ii.  section  4  when  a  pivot  Y ' 

Is  -'hof-’ii  instead  of  Y.  It  is  shown  that  the  infinitesimal  theory  constructed 
w  it:.  Y '  as  pivot  coincides,  to  within  terms  of  o(e^),  with  that  constructed 
w  is  • .  :  P’vut.  The  significance  of  this  result  is  that  it  does  not  matter 

v  ’  ui  uas’iclf  is  cnss--r:  as  pivot. 

se  cl. .sing  this  section,  it  is  desirable  to  comment  on  a  recent  paper 
:  --na  f-rrir.  ( 1979 '  regarding  the  impossibility  of  an  exact  linear 

•  ' : '  tn-ory  for  elastic  solids.  These  authors  consider  a  constitutive 

■  ,  § 

form  T-Qilij,  where  G  is  a  constant  fourth  order  tensor  and 

n  •  E  -  !  -•  tne  displ? ceinerd  ^gradient.  In  the  theories  of  finite  deformation 
i*  is  s  quired  that  det (H+I )  > 0  ;  and,  hence,  H  is  restricted  to  belong  to  some 
pr  P ruoset  ft  cf  the  set  of  all  second  order  tensors.  Under  superposed  rigid 
■  ‘  V-  :  i  :  ns.  1  obeys  (1.2  ),  while  H  is  transformed  into  H  =  K  -  I  -  Q  li  +  Q-I. 
user- v  that  ;?  also  beloi  gs  to  r  since  det(H+  +  I )  (det  Q)det(H  +  I)  >  0  for 
"  ’  ‘  r  .r.,  pr  .per  orthogonal  Q.  It  is  readily  apparent  that  the-  constitutive 
A  :  1'  Cl  Hj ,  H  €  R,  could  not.  generally  be  properly  invariant  under 

•r :  I  r,r.<ry  superposed  rigid  oody  motions.  Indeed,  setting  H  -  J,  it  follows 
' )  -  '■  fur  all  proper  orthogonal  Q.  The  only  (2  for  which  this  is 
p  .a  .  L  b  ■  ■  i  ■ .  (1 

I:.  tr.fi r  i<;v -ilopment ,  fosdick  and  Serrin  place  a  stronger  a  priori  restri  c- 

♦  ’  -.a  r.  I  that  requires  H  to  belong  to  some  subset  3)'  of  3).  If  is  a  proper 

.  £/>,  then  only  r.h  Q  are  allowed  to  appear  in  the  invariance  requi  re  met. 

A.  ■  u.  notation  il  is  that  of  Fosdick  arid  Serrin  (1979)-  In  the  present  paper, 
t, . ; 'Hiding  quantity  is  denoted  by  G. 
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that  result  in  H+  =  Q  H  +  Q-  I  also  belonging  to  fi'.  To  accommodate  this  restric¬ 
tion  on  the  choice  of  Q,  Fosdick  and  Serrin  (1979)  replace  the  invariance 
requirements  of  the  general  finite  theory  with  restricted  invariance  require¬ 
ments  which  involve  some  proper  subset  of  the  Set  of  proper  orthogonal  tensors.  It 
may  conceivably  transpire  that  the  constitutive  equation  T=Q[H],  with  !!,H+£  i 
then  possible  for  non-zero  Q.  Fosdick  and  ferrin  show  that  this  is  in  fact  it 
the  case  and  C£  must  still  be  zero. 

In  contrast  to  Fosdick  and  Serrin  (1979),  the  point  of  view  taken  in  the 
present  paper  is  that  there  are  compelling  physical  grounds  for  retaining  the 
full  set  of  proper  orthogonal  tensors  in  the  invariance  requirements  of  any 
theory  of  deformaole  media,  including  the  approximate  theories.  Thus,  the 
domain  of  a  constitutive  response  function  must  be  large  enough  to  include  all 
those  tensors  (e.g.,  F *")  derivable  from  any  tensor  in  the  domain  (e.g.,  F)  by 
a  supeiposed  rigid  body  motion  with  Q,  an  arbitrary  proper  orthogonal  tensor. 

It  is  then  a  consequence  of  the  development  of  the  present  paper  that  a  linear 
constitutive  equation  of  the  form  (1.13)  is  physically  meaningful,  in  that  it 
satisfies  full  invariance  requirements. 
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2 .  General,  ^background. .  _  Preli rain  a .ries  and  notation 

Consider  a  body  &  which,  in  a  fixed  reference  configuration  K,  occupies  a 
region^"  ft  embedded  in  a  three-dimensional  Euclidean  space  £;  we  denote  the 
boundary  of  ft  by  dQft-  Choosing  a  fixed  origin  &  in  £,  we  identify  each  particle 
X  of  CB  by  the  position  vector  X  of  the  place  it  occupies  in  ft.  A.  motion  of  <jj  is 
a  mapping  X  which  assigns  a  position  vector  x  =  X(X,t)  to  each  particle  X  at  each 
instant  t  of  time  (-a><t<oo)*  In  what  follows,  we  need  to  consider  three  separate 
motions  of  the  body;  and, for  this  purpose,  we  introduce  the  notation 

x  —  X(X,t)  ,  ((*=0,1,2)  ,  (2.1) 

c* —  ct~ 

wi.ert-  x  -  X.  statements  involving  X  are  understood  to  hold  for  values  o,l,2, 

■L  ~  ~ 

i’ll  we  find  it  convenient  to  speak  of  X  in  the  singular.  Thus,  we  say  that  the 

image  of  ft  in  the  motion  X  will  be  denoted  by  ft-  x(  ft,t).  The  motion 

ot~  a  oi~  o 

x  -  X  -  X(X,t)  in  which  X  remains  at  X  for  ail  t  is  called  the  identity  motion. 

W-;  note  that  x  -  <(X)  and  ft-  •  in  o’ a-  analysis  of  motions  superposed  or. 

o~  o  0~ 

a  .-riven  motion,  1x  will  represent  the-  given  motion  and  X  a  motion  that  is  close 
to  , \  in  a  sense  to  be  made  precise  Inter.  We  assume  that  at  each  fixed  t,  the 

j  ~ 

mr-nnii.  r  of  ft  into  ft  by  (2.1)  possesses  a  smooth  inverse  denoted  by  X  .  Under 

r  a~ 

these  assumptions ,  ft  is  also  a  region  with  boundary  9  R=  X(d  R,t) .  Clearly, 
a  a  o 

trie  identity  motion  is  its  cwr.  inverse.  The  current  configuration  of  ®  at  each 

fixed  t  in  the  motion  X  is  the  mapping  tc  of  $  into  £  given  by  K  -  X  o  K,  where 

< (*~  CU--  Ot~  o~ 

*  .  . 

signifies  the  composition  of  mappings  .  For  any  subset  (or  part)  §c®  of  the 


A  region  Is  regarded  here  as  a  nonempty  connected  and  compact  subset  of  £ 

Having  a  piecewise  smooth  boundary. 

It  would  be  more  correct  if  in  our  notation  we  distinguished  the  mapping  X 
from  the  partial  mapping  which  at  each  fixed  t  takes  X  into  x.  Ctrictly 
speaking,  the  mapping  ^  has  an  inverse  while  x  does  not.  Similarly,  our 
notation  aK  ■  c  stands  for  the  relation  ^  =  J^t 0  oK  invclvin6  the  Partial 
mappings  and  £^..  However,  such  a  notational  distinction  leads  to  undue 

clumsiness  in  later  equations  of  the  present  paper. 
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body,  we  write  P  =  k(§),  P=  x(  P,t)  and  ^  P-  x(5  P,t),  where  5  P  is  the 
oo  ot  o  o  Qao  o 

ooundary  of  the  region  P  and  a  P  that  of  p. 

o  o  o 

2. 1  Notation  and  terminology 

Before  continuing  with  the  kinematics,  we  mention  seme  mathematical 

terminology  that  will  be  needed  in  what  follows.  Any  linear  mapping  from  V, 

the  three  dimensional  translation  vector  space  associated  with  the  point  space 

£,  into  V  will  be  called  a  second  order  tensor.  The  trace  and  determinant 

functions  are  denoted  respectively  by  tr  and  det.  The  transpose  of  a  second 

T 

order  tensor  A  will  be  denoted  A  ,  while  the  inverse  of  A  if  it  exists  v/ill  be 

As/ 

denoted  by  A  1.  The  usual  inner  product  on  V  is  written  a  •  b  for  any  two 

/-*/  ro  rsj 

vectors  a,b£V  and  the  (induced)  norm,  or  magnitude,  of  a  is  given  by  jja||  =  ^a  •  a  . 
The  set  of  second  order  tensors  can  be  provided  with  an  inner  product 
A  •  B=tr(A  B)  and  a  norm  |[A|(  =  \JA  •  A  for  any  second  order  tensors  A  and  B.  The 
tensor  product  a®b  of  any  two  vectors  a,b£V  is  the  second  order  tensor  defined 

/**w 

by  (a®b)u  =  b*  u  a  for  every  vector  u.  We  recall  the  formulae  tr(a®b)  =  a  •  b, 
(a®b)T  =  b®a  and  (a®b)(c®d)  =  b-c  a®d=(a®c)(b®d),  (a  ®b)  •  (c8d)  =  a  •  c  b  •  d, 

(V  rs*  A/  ru  /V  rw  Arf  A(  (V  rJ  a/  (v  a/  rw  r-~f  ~  aw  a_» 

which  hold  for  all  vectors  a,b,c,d  in  V.  The  convention  of  summation  over  a 

rv  Arf  (v  co 

repeated  Latin  index  will  be  employed,  but  summation  will  not  be  performed  over 
a  repeated  Greek  index. 

In  order  to  express  certain  expressions  in  component  form,  it  is  convenient 
to  employ  two  fixed  right-handed  orthonormal  bases  {e^}  and  {e^}  in  V,  the  former 
basis  being  used  for  vector  fields  defined  on  the  region  and  the  latter  for 
vector  fields  defined  on  other  regions.  Thus,  for  example,  we  write  X  =  X^e^  and 
x=  x.  e.  (or=l,2).  Furthermore,  a  second  order  tensor  A  may  be  represented  by 

Ctf~  CY  1  a»1  ~ 

A .  .  e.  ®  e  . ,  A ...  e.  ®  e„  or  A,_r  e„®  e..  as  appropriate ,  where  A .  .  =  e.  •  A  e  .  = 

ij  ~i  ~j  lM  ~a  MN  ~M  ~N  ’  ij  ~i - j 

A  •  (e.  ®e.),  etc.  Any  linear  mapping  from  the  set  of  second  order  tensors  into 
''-'J 

itself  is  a  fourth  order  tensor.  In  particular,  the  tensor  product  a®b®c8>d 
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of  any  four  vectors  a,b,c,d£V  is  a  fourth  order  tensor.  It  is  useful  to 

r— ' 

define  an  inner  product  of  the  fourth  order  tensor  a®b®c®d  and  the  second 


order  tensor  u®  v,  u,v  €  V,  by  (a®b®c®d)[u®v]  =  c»u  d  •  v  a  ®  b,  which 
yields  a  second  order  tensor.  Any  fourth  order  tensor  CL  may  be  represented 


as  Q-  a.  .  e,  ®  e  .  ®  e  ®  e  e  ®  eT  ®  e  ®  e_  =  a.  e.  ®  e  .  ®  e  ®  e  ,  etc. , 

ljkX  ~i  KLMN  *>^1  ijKL  'v.j  ~K 

where ,  for  example ,  d.  =  e.  •  a[e,  ®e,]e.=  (e.®e.)  •  Q[e,  ®  e  ].  The 
’  ’  ljkA  ~i  ~ ~k  ~£  ~i  ~y]  ~  ~k 

T 

transpose  CE  of  a  fourth  order  tensor  CL  is  that  unique  fourth  order  tensor 

/v  rw 

T 

with  the  property  that  B  •  <1[A]  =A  •  G  [B]  for  all  second  order  tensors  A,B. 


Clearly,  d  =  (Q.  ..  .  e.  ®  e  »®  e e  . 

~  ijkji  ~i  ~j  ~k  ~t 


)  =  CL  ...  e.  ®  e  .  ®  e,  ®  e  .. 
TciiJ  ~i  ~J  ~k  ~l 


2.2  Kinematical  and  kinetical  results  associated  with  the  motions  (2.1) 


Having  disposed  of  the  foregoing  notational  preliminaries,  we  return  to 


further  consideration  of  kinematics.  The  deformation  gradient  F,  associated 

or- 

with  the  motion  X,  relative  to  X  is  defined  by 

Of- 


3  X 

F  =  (X,t)  ,  J  =  det  (  F)  >  0  .  (2.2) 

r~  ax  ~  a  of-' 


For  the  identity  motion  X,  F  =  I  and  J=l.  Being  invertible,  F  possesses  a 

o~  o~  ~  o  “  a 

unique  polar  decomposition  in  the  form 


F  =  R  U 

or-  a~  or- 


(2.3) 


where  the  (local)  rotation  R  is  a  proper  orthogonal  second  order  tensor  and 

or- 
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the  right  stretch  U  is  a  symmetric  positive-definite  second  order  tensor.  Also, 

the  right  Cauchy-Green  measure  of  deformation  C  and  the  Lagrangian  finite  strain 

ot* 

tensor  E  are  given  by 

o*~ 


C  =  U2  =  FT  F  ,  E  =  !(  C-I )  . 


Ob*  Qt~  Ob*  Ob* 


(2.4) 


We  note  that  R=  U=  C  =  I  and  E  =  0.  The  relative  displacement  field  associated 
o  -  o~  o~  ~  o~  ~ 

with  the  motion  X  is  the  mapping  y  -  y  with  the  values 
Qb*  Or*  0<* 

U  =  (  x-  x)(X,t)  =  x-X  (2.5 

Ob*  Ob*  O'**"  **  Ob*  ** 

and  its  gradient,  namely 


a(  X-  X) 

G  =  (X,t)  =  F-I  , 

Ob*  OA  ~  Ob*  ** 


(2.6) 


is  called  the  displacement  gradient.  In  the  case  of  the  identity  motion,  we 
have  u=o  and  G=0. 

r*  0>“*  rw 

A  motion  of  (B  is  said  to  differ  from  ^  by  a  superposed  rigid  body  motion 
(or  simply  by  a  rigid  motion)  if  and  only  if 


X+(X,  t+)  =  Q(t)  x(X,t)+  a(t)  ,  t+  =  t+  a 
or-  ~  a  or-  ~  cr-  or  a 


(2.7) 


for  some  proper  orthogonal  second  order  tensor-valued  function  Q,(t)  of  time, 

Qt~ 

some  vector -valued  function  a(t)  of  time,  and  some  real  constant  a.  The 

a~  a 

4"  .  +  ,  +  4"  _  . 

configuration  of  at  tune  t  ,  in  the  motion  X  is  K  =  X  o  K .  The  class 

a  or-  cr-  ot~ 

of  rigid  motions  of  ®  consists  of  those  motions  qX  which  differ  from  the 
identity  motion  X  by  a  rigid  motion,  being  given  by  (2.7)  with  or=o.  A 
translation  is  a  rigid  motion  whose  rotation  is  I. 

It  is  demonstrated  in  Appendix  A  that  the  statement  "differs  by  a  rigid 
motion"  is  an  equivalence  relation  on  the  set  tT\  of  all  motions  of  ©.  This 
allows  m  to  be  partitioned  into  disjoint  subsets  (equivalence  classes)  each  of 
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which  comprises  all  motions  of  ®  and  only  those,  which  differ  from  one  another 

by  n  rigid  motion.  Thus,  each  equivalence  class  comprises  those  motions  of  ® 

which  are  regarded  as  mechanically  indistinguishable.  The  equivalence  class 

which  contains  'll  motions  that  differ  from  a  given  motiun  x  by  a  rigid  motion 

is  denoted  by  K(x).  For  example,  the  equivalence  class  K(  x)  contains  the 
~  o~ 

entire  set  of  rigid  motions  of  ®. 

We  also  recall  from  Appendix  A  last  an  equivalence  class  is  determined  sy 
any  one  of  its  members.  If,  instead  of  a  motion  x>  we  begin  with  a  motion  0 
and  place  all  the  members  of  ft  that  are  equivalent  to  0  in  a  class  K ( Q ) ,  we  find 
that  K(0)  -  K(x). 


We  may  regard  (2.7)  as  defining  a  function  m  taking  ft  into  ft  such  that  f< 

fixed  values  of  Q,  a  and  a  in  (2.7)  X+^u>(  x)- 

c*~  or*  a  or'  ~  or* 

The  symmetric  and  skew -symmetric  parts  of  G  are  defined  by 

at* 


e  =  i(  G+  GT)  ,  w  =  4(  G-  GT'i  , 


or*  or* 


respectively,  and  e=  w  =  0  since  G  =  0.  It  follows  from  (2.4),  (2.b)  and  (2.*} 

Qr*s  r*  0~  rw 


E  =  e  + G  G  .  ( 

or*  or*  or*  or* 

T  2 

Pecslling  that  tr{  G  G)  =  j|  G]|  which  equals  zero  if  and  only  if  G  -  0,  it 

a  or*  "cr-  a~ 

is  clear  from  (2.9)  and  (2.6)  that  E=  e  if  and  only  if  F=I  and  hence  if 

or*  or*  or*  ~ 

and  only  if  X  is  a  translaxion. 

+ 

+  3  X  +  .  + 

From  the  deformation  gradient  F  =  (X,  t  )  of  X  in  (2.7).  and  (2.2, 

or*  dX  ~  or  or*  l 

r, j 

we  readily  obtain 


F+  =  Q(t)  F  ,  J+  =  det(  F+)  =  J  >  0  . 

or*  or*  or*  a  or*  a 
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Then,  using  F  to  define,  as  in  (2.3)  and  (2.4),  the  tensors  R  ,  U  ,  C  and 

o—  cr-  ot~  or* 

t+ ,  it  follows  at  once  that 
or- 

U+  =  U  ,  C+  -  C  ,  E+  =  E  ,  R+  =  Q(t)  R  .  (2.11) 

Qf—  Qf-  Q f—  Of—  Of—  Of—  Of—  Of— 

The  relative  displacement  field  associated  with  ^  is  =  (^X  -QX ) (X,^t  )  and 

its  gradient  is  G+ =  F+  -  I.  H^nce,  in  viefw  of  (2.10)  and  (2.6), 

Of-  or-  ~  1 

G+  =  Q(t)  G  +  ft(t)  -  I  ,  (2.12; 

Of-  of-  of—  of-  — 

so  that  G+  is  neither  unaltered,  nor  unaltered  apart  frcm  orientation  under 

0f- 

all  superposed  rigid  body  motions  of  tB.  Similarly,  the  symmetric  and  skew- 

ymmetric  parts  of  G  ,  i.e.,  e  and  w  are  related  to  e  and  w  in  (2.8)  by 

o~  a—  of-  or-  or- 


2  e+  =  2  e-  {  Q(t)-lf(  Q(t)-l)  +  (  ft(t)-l]  G+  ({  Q(t)-I)  G)T  , 
or-  o-  cr-  —  ^  ar—  —  Of-  —  Or-  or-  —  af- 

2  w+  -  2  v+  Q(t )  -  QT(t)  +[  Q(t)-I]  G-  ({  Q(t)-I]  G)T  , 

a—  of—  cr-  or-  Lot—  —  of—  of—  —  Of— 


(2.13) 


T  T 

where  use  has  been  made  of  the  identity  (Q-jO  +  (Q-J,)  =  *  (Q“£) »  ^or  an7 

orthogonal  tensor  Q,. 

fW 

Since  in  the  identity  motion  X,  F  =  R  =  U  =  C  =  I  while  E  =  G  =  e  =  w  -  0 , 

it  follows  frcm  (2.7),  (2.10),  (2.11),  (2.12)  and  (2.13)  that  in  any  rigid 

motion,  denoted  for  convenience  by  QX+ ,  we  have  qX  (X,Qt  )  =  0?U)ox(  ~  +  ^ 

and  .  , 

F  =  R  =  Q(t)  , 

O'—  O^—  O'— 


C+  =  U+  =  I  ,  E+  =  0  ,  G+  =  o(t)  -  I  , 

O'—  <■—  O'—  *■—  O'—  0~  *— 

e+  =- KnQ(t)-l}T{DQ(t)-l}  , 

O'—  v  O'—  /—  ^  O'—  f— 


(2.14) 


w+  = 

O'—  ^  O'—  O'— 
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Clearly,  by  (2.l4)._,  e+ =  0  if  and  only  if  Q(t)  =  I.  Hence,  the  only  rigid 

+ 

motions  for  which  the  tensor  e  vanishes  are  the  translations.  It  follows 

o~ 

from  this  that  e  is  not  invariant  under  arbitrary  superposed  rigid  body 
de¬ 
motions  of  (B.  For,  if  it  were  invariant,  then  it  would  equal  zero  for  all 

rigid  motions  of  ffi. 

In  the  language  of  equivalence  classes,  if  ^X  and  belong  to  the 
same  equivalence  class,  then  (2.11)2  holds.  As  is  well  known,  the 

converse  is  also  true.  The  finite  strain  tensor  E  can  therefore  be  used  to 

<*- 

characterize  the  strain  of  all  motions  in  the  equivalence  class  K(^X).  In 

particular  ^12=0  for  all  rigid  motions,  i.e.,  for  the  equivalence  class  K(qX). 

In  contrast,  we  have  just  seen  that  e  does  not  give  the  same  value  for  all 

de¬ 
motions  in  K(  X);  in  particular,  e  is  not  zero  for  all  motions  in  K(  x)  but 

cr-  oe- 

only  for  the  translations. 


Let  p  be  the  mass  density  in  the  configuration  K,  b  the  body  force 
a  or-  or- 

field  per  unit  mass  in  the  configuration  K,  n  the  outward  unit  normal  to  the 

a~  a~ 

surface  d  P,  t  the  stress  vector  acting  on  this  surface  and  T  the 
a  or-  ot~ 

associated  Cauchy  stress  tensor.  Then,  in  any  motion  X,  from  conservation 

Q*~ 

laws  for  mass ,  linear  and  angular  momentum  follow  the  results 


p  -  P  J 
oK  a  a 


t  =  T  n  ,  T  =  T  , 

a ir-  or-  or—  o~  or- 


(2.15 


div  T  +  p  b  =  p  v  . 
a  or-  a  o r-  a  or- 

In  (2.15),  div  is  the  (right)  divergence  operator  with  respect  to  x,  having 
of  or- 

a  component  representation 


3  Ti1 

div  T  =  r-S—  (  T.  ,e.  ®e.)e.  =  r-2— 1 1  e 
a  or-  3  x,  a  ij—i  ~j  3  x.  —1 

a  K  a  J 


(2.16 
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and  ^v  is  the  particle  velocity  in  the  motion  ^  and  is  given  by 

3  X 

v  =  x  =  (X,t)  ,  (2.1Y) 

ot~  3t  ’ 

with  a  superposed  dot  signifying  material  time  differentiation.  For  a=0, 
x  =  v  =  0.  The  unit  normal  n  is  carried  by  the  motion  X  into  n  in 

0~  0~  ~  0~  Q iv  qk. 

accordance  with  the  formula 


n  = 

ot~ 


(  F_1)T  n 

|(  F'1)T  n|| 

'  0f~  o~" 


the  inverse  of  which  is 


T 

F  n 

n  =  . 

°~  |1  FT  n|| 

Denoting  the  mass  density  in  the  configuration  K+  by  p+  and  applying 

cm-  a 


(2.15).  to  the  motion  X+,  we  obtain 
l  cm- 


(2.1b) 


(2.19) 


+  + 
0  =  p  J 
oH  of  a 


(2.2 0; 


and  hence,  in  view  of  (2.10)^  and  (2.15)23  we  have 


p  =  p 

ar  a 


(2.21) 


It  follows  from  (2.18),  (2.I9)  and  (2.10)2  that  under  the  transformations 
(2.7),  n  is  carried  into  n+,  the  outward  unit  normal  to  3  P+,  with 


cm- 


cm- 


n+  =  Q(t)  n  . 

am-  cm-  cm- 


(2. 


We  adopt  the  usual  assumption  that  the  stress  vector  t  for  the 


on- 


motion  X  is  related  to  t  by 
cm-  on- 


t+  =  Q(t)  t 
on-  on-  cm- 


(2.29) 


17 


and  it  then  follows  with  the  aid  of  (2.15)2  and  (2.22)  that  the  Cauchy  stress 

+ 


tensor  T+  in  the  motion  x+  is  related  to  T  by 

Qb*' 


T+  =  Q(t)  T  0T(t) 

Q 0t~  C*-' 


(2.24) 


The  balance  of  linear  momentum  in  the  motion  X  is  written  as 

Ot~ 

.  +  _ +  +  4*  +  •  + 

div  T  +  o  b  =  p  v  , 
cr  or~  a  cu~  a  ce~ 


(2.25) 


where 


3  tT. 

div+  T+  =  -JJLil  e  , 
a  c*~  -  -+ 


3  x . 

ON 


+ 

v  = 


3  X 

Cfr-' 

a  t+ 

a 


(x,  O  . 


(2.26) 


For  later  reference,  we  note  that  by  (2.7)-^,  (2.l6),  (2.26)^,  (2.21),  (2.15)^ 
and  (2.25), 


div+  T+  =  Q(t)  div  T  , 

a  0^  a~  a  cr~ 


v+  -  b+  =  Q(t)(  v-  b) 

a>~  0*~  0f~  0 Of"' 


(2.27: 


? .  Classical  infinitesimal  deformation 

Having  disposed  of  the  above  preliminaries,  in  the  remainder  of  this 
section  we  discuss  the  main  ingredients  of  the  usual  method  of  constructing 
infinitesimal  theories.  The  theory  of  infinitesimal  elasticity  is  derived 
from  the  finite  theory  by  setting*  1X  =  2X  =  X  and  introducing  as  a  measure  of 
smallness  the  nonnegative  real  function^" 


e(t)  =  sup  j'|G(X,t)U 


xe  « 

^  O 


‘in  the  infinitesimal  theory  it  suffices  to  consider  two  separate 
motions  x  and  Qx.  Accordingly,  in  this  case,  we  drop  the  subscripts  1,2 
from  quantities~associated  with  X> 

fThe  smoothness  of  X  and  the  compactness  of  oR  ensure  the  existence  of 

e(t ) . 


(2.28) 
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where  sup  stands  for  the  supremum  (or  least  upper  bound)  of  a  nonempty 
bounded  set  of  real  numbers.  If  Z(G)  is  any  vector-  or  tensor-valued  function 


r 

! 


of  G  defined  in  a  neighborhood  of  G  =  0  and  satisfying  the  condition  that  there 
exists  a  nonnegative  real  constant  C  such  that  jjZ(G)|j<Cen  as  e-*U,  then  wo 
write  Z  =  0(en)  as  e  -*  0 

Before  proceeding  further,  we  recall  the  following  well-known  results: 

(a)  F-I  =  G  =  0(s)  ,  (b)  F'1  -  I  =  -  G+ 0(e2)  =  0(e)  , 

/v  rw  rv  ej  ej  >n/  /w 

(c)  E“  £  =  e  +  0(e2)  =  £(e)  »  (d)  C- I  =  2e  +  0(e2)  =  0(e)  , 

(2.29) 

(e)  E  =  e  +  0(e2)  =  0(e)  ,  (f)  U_1  -  I  =-e  +  0(e2)  =  0(e)  , 

r+J  eo  ~  /v 

(g)  R-I  =  w  +  0(e2)  =  0(e)  ,  (h)  RT-I=-w  +  0(e2)  =  0(e)  , 
as  e-*0.  In  view  of  (2.29e)  and  (2.29g),  e  and  w  are  referred  to  as  the 

/-w  ro 

infinitesimal  strain  tensor  and  infinitesimal  rotation  tensor,  respectively. 

For  sufficiently  small  values  of  e ,  e  approximates  the  finite  strain  E  and 
I+w  approximates  the  finite  rotation  R. 

Again  in  the  notation  of  Appendix  A,  a  motion  ©  €  Fit  is  said  to  differ  from 
a  motion  X  by  an  infinitesimal  rigid  motion  if  and  only  if 


q(X,t)  =  [I  +W(t))x(X,t)  +  d(t)  ,  t  =  t  +  d  (2.30) 

for  some  skew-symmetric  tensor-valued  function  W(t)  of  time,  some  vector- 

valued  function  d(t)  of  time  and  some  real  constant  d.  It  is  shown  in 
<*««* 

Appendix  A  that  the  statement  "differs  by  an  infinitesimal  rigid  motion"  in 
not  an  equivalence  relation  on  JU.  It  is  further  shown  that  if  a  motion  0 
differs  from  a  motion  X  by  a  rigid  motion,  as  well  as  by  an  infinitesimal 
risid  motion,  then  9  must  differ  from  x  by  a  translation  in  which  case  W  =  0 
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in  (2.30)  and  Q-£  in  (2.7).  An  infinitesimal  rigid  motion  is  a  motion  that 
differs  from  the  identity  motion  by  an  infinitesimal  rigid  motion;  and, 
hence,  is  of  the  form 


0(X,t)  =  {I  +  W(t)]X  +  d(t)  .  (2.31) 

We  note  that  the  determinant  of  the  deformation  gradient  of  the  motion  6  in 
(2.30)  is  equal  to  det(l +W(t))det  F  =  (l  +  ij|w(t )jj2 ) J >  0,  so  that  the  condition 
of  the  form  (2.2)^  is  satisfied.  It  follows  from  the  result  mentioned  earlier 
in  this  paragraph  that  the  only  motions  in  ITl  that  are  both  rigid  and  infinitesimal 
rigid  are  the  translations.  We  observe  that  the  deformation  gradient,  displace¬ 
ment  gradient,  finite  strain  tensor,  infinitesimal  strain  and  infinitesimal 
rotation  tensor  associated  with  the  infinitesimal  rigid  motion  (2.31)  are: 


F  =  I  +W(t)  ,  G  =  W(t)  ,  E  =  iWT(t)W(t) 

e  =  0  ,  w  =  W(t) 


(2.32) 


It  follows  from  (2.ll)^^,(2.28)  and  (2.29e)  that  in  any  rigid  motion  the 
infinitesimal  strain  tensor  satisfies 


with 


O(e^)  as 


e  -*  0  , 


(2.33) 


e  =  -£l!  •  (2.3^) 

2 

Furthermore,  to  within  terms  of  0(e  )  as  e-*0,  G  is  skew-symmetric  and  coincides 
with  w,  in  view  of  (2.l4)^,  (2.29a,g)  and  (2.34).  The  relationship  between 
rigid  motions  and  infinitesimal  rigid  motions  is  now  apparent:  the  limit  of  a 
rigid  motion  as  s  of  (2.34)  tends  to  zero  is  an  infinitesimal  rigid  mution. 
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r 


Under  superposed  rigid  body  motions  (2.7),  from  (2.11)2  and  (2.9)  follows 

that 

e+  +  i(G+)TG+  =  e+y  GTG  (2 

and  by  applying  (2.28)  to  both  G  and  G+  we  obtain 

O 

e  =  e  +  0(e  )  as  e  -»  0  ,  (2 

i.e.,  if  in  every  motion  (including  the  motions  x+  in  (2.7))  the  norm  |(Gjj  is 
kept  small,  then  e  is  approximately  equal  to  e+.  However,  if  a  finite  rigid 
oody  motion  is  superposed  on  a  small  deformation,  then  e  given  by  (2.28)  is 
small  while  ||G+|j  computed  from  (2.12)  need  not  be  small.  It  is  then  clear 
from  (2.13)^  that 

e+  =  e-£(Q(t)  -l}T{Q,(t)  -  l}  +  0(e)  as  e-0  .  (2 
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3.  A  properly  invariant  in riiiitt-GinjJ-  strai n  tensor 

* 

■i .  1  Construction  of  the  motion  v 
- aA 

From  among  the  particles  of  ffl,  let  one  denoted  by  Y  and  called  a  pivot 
be  chosen.  Then,  by  (2.1),  (2.2)  and  (2.3),  we  nave 


a  X 

y  =  X(Y,t)  ,  — (Y,t)  -•=  R(Y,t)  U(Y,t)  , 

Qtr'~’  *•*“'  QA  ~  Qi rw  Qfs* 


(3.1 


/  v  * 

where  Y-  y=  K(Y).  For  any  motion  X  v;e  can  construct  a  motion  X  =  tt(  x)  b\ 

~  0~  0~  Ql~  ~ 


removing  from  X  the  translation  and  rotation  at  the  pivot  Y,  while  maintaining 


O-w 


at  all  particles  of  ®  the  stretch  (and  hence  finite  strain)  experienced  in  the 


motion  X.  In  order  to  achieve  this  construction,  it  is  necessary  and  suf- 
a~ 


ficient  that 


x‘  =  X*(X,  t*)  =  RT( Y,t ) f  x(X,t)  -  X ( Y,t ) }  +  Y  , 

a~  or-  ~  a  a~  ~  -or-  ~  q;~  ~  J  ~ 


(2.2 


t  =  t  -  c  , 

a  a 


where  c  is  a  i eal  constant.  The  configuration  of  ©  at  time  t  in  the  motion 

a  a 

X-  -*• 

X  is  denoted  by  <  -  X  •  < .  In  line  with  the  notation  of  section  2,  we 

a~  of~  o*~  o~ 

v  -X- 

write  P  =  X  (  P,  t  )  and  5  P  =  X  (d  P,  t  )  for  the  region  and  its  boundary 

/v  .  rj  rj  Ob'  r'  ^ 


a 


3~ 


a 


occupied  by  any  part  ^c®  in  the  motion  X  •  It  may  be  noted  that  application 

—  o t~ 


of  (3.2)  to  tne  identity  motion  reproduces  the  identity  motion,  i.e. , 


7;  o* 


Different  choices  of  the  constant,  c  in  (3-2  )„  merely  result  in  a 

a  2 


reparametrization  of  X  with  t  replaced  by  t  plus  a  constant:  and  the  fame 

a ►-or  a 


position  x  is  reached,  except  possibly  earlier  or  later  depending  on  the  vali. 

a~ 


of  the  constant  c.  We  regard  all  such  parametric  a  tions  --  corresponding  t.c 


difference  choices  of  c  --  as  representing  the  same  motion  X 

a 


We  observe  that  (3*2)  is  of  the  form  (2.7)  with  Q,(t)=  R  (Y,t), 

ct~  ~ 


t, 


This  will  be  made  clear  by  (3.1b)  and  the  remarks  following  it. 
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T  » 

' 1  ( t )  -  A  (Y,t)  x(Y,t;  +  Y  raid  a — c  .  Consequently ,  X  is  n  memt--r  i  the 

os-  or~  ~  or~  ~  ~  a  a  a~ 

eaui valence  class  K.(  x)»  i.e. ,  the  class  of  motions  which  differ  from  x 

Qf~  ^ 

by  a  rigid  motion.  We  now  state  and  prove  an  easy 

Theorem  3-1.  Tvo  motions  ^X  and  of  ©  differ  by  a  rigid  motion  if 

•x  a- 

and  only  if  nC^x)  -  tt^x)  >  or  equivalently  ^X  -  . 

t^oof :  We  first  prove  the  necessity.  If  ^X  and  X  differ  by  a  rigid 
nnti.  n,  then  by  (2.7)  we  have 

=  +  ’  t+  =  1  '  fl  ( 

for  s  r.,.*  proper  rthogo-nal  tensor-valued  function  Q(tJ  of  time,  some  vector- 
•.'•i  lur.*d  functi>  (i  ■:  1 1  i  of  time  and  some  constant  a.  As  in  (2.11  h  ,  it  follows 
fr  m  .  .•  ,  '-hat  h((X,t  )  =  0,(t )  0K(X  ,t ) ;  and,  in  particular,  at  the  pivot 

R(Y,t+)  =  Q(t)  R( Y,t )  .  ( 

Applying  *3.2}  to  the  motion  we  obtain  x  =  tt(0x)  with 

(L^  d~  ~  d~ 

2x*(x,t)  -  2RT(Y,t){2x(X,t)  -  2X(Y,t)}+  Y  ,  ( 

•» 

where  we  have  chosen  the  parameter  0c  in  (3.2)9  to  be  zero.  Again,  ^x  =n(^x) 
is  obtained  from  (3-2),  with  a  choice  of  c=-a,  so  that 

^‘(x.t)  =  1RI(Y,t+)[1x(X,t+)  -1x(Y,t+)}  +  Y 

-  ^T(Y,t+)Q(t){2X(X,t)  -2X(Y,t)}  +  Y 

■■■  oX  (X,t)  ,  (. 


where  (3-3  ),  (?.*♦>  and  (g.'s)  have  been  used. 

Wo  now  turn  to  the  sufficiency,  fuppose 

i&*(£»t)  =  2x\x,t) 


( 


03? 

*-  • 


(3.6) 


and  denote  the  rotation  tensors  in  the  motions  and  nx  by  ,K  and  „R ,  respec- 

d~  1~ 

tively.  Then,  it  follows  from  (3-2)  that 

ii*(2L»t)  =  iRT(Y,t+ic)[iX(X,t+ic)  -  iX(Y,t+ic)}  +  Y  , 

2X*(X,t)  =  2RT(Y,t+2c){2x(X,t+2c) -2X(Y,t+2c))  +  Y  , 
for  some  constants  and  2c.  Also,  from  (3*7)  and  (3*8)  we  have 
1X(X,t+1c)  =  1R(Y,t+1c)2RT(Y,t+2c)2X(X,t+2c) 

+ 1X(Y,t+1c) 

-  1R(Y,t+ic)2RT(Y,t+2c)2x(Y,t+2c)  , 

which  is  of  the  form  (3*3)  with 


1  2 

Q,(t)  =  1R(Y,t+1c-2c)2RT(Y,t)  , 

a(t)  =  1x(Y,t+1c-2c)  -  1R(Y,t+1c-2c)2RT(Y,t)2x(Y,t)  . 

This  completes  the  proof. 

In  the  language  of  equivalence  classes  (see  Appendix  A),  Theorem  3-1  niay 
oe  stated  as  K(.X) =  K(_x)  if  and  only  if  tt( ,X )  =  uLx)  •  It  is  clear  from 
Theorem  3-1  that  the  function  rr,  defined  on  Hi  through  (3-2),  maps  every 

n*J 

motion  in  an  equivalence  class  K(0)  --consisting  of  motions  that  differ  from 

* 

9  by  a  rigid  motion -- into  the  motion  0  =n(£).  Since  0  is  itself  a  member 
of  the  class  K( 0  ,  we  may  write  K(@  )-K(0)  and  note  that  £  can  be  used  to 
letermine  the  equivalence  class.  Recalling  the  function  uu  defined  following 


7  we  may  write 


rr  o  ou 


TT 


(3-n ) 


for  every  choice  of  Q,  a  and  a  in  (2.?). 

Of 


The  mapping  n  extracts  from  IT,  << 


proper  subset 


n  =  [n(8)|e  em}  =  n(tn) 


The  notion  of  invariance  under  superposed  rigid  body  motions  implies  that  the 
mechanical  response  of  a  body  ®  in  the  entire  set  of  motions  lb  is  completely 
determined  by  its  response  in  the  subset  ft  !TU 

Recalling  the  definitions  (2.2)^,  (2.5)  and  (2.6),  the  deformation 
gradient,  the  relative  displacement  and  the  displacement  gradient  in  the 
motion  X  are,  respectively,  given  by 


F 

a~ 


a 


ax 

/Nrf 


<*•/> 


> 


u 

at~ 


(  X*-  x)(x ,  t*)  = 

o*~  o~  ~  Of 


x 

or* 


-  X 


5 


(3-12) 


Also,  similar  to  (2.3),  (2.4),  (2.8)  and  (2.9)>  associated  with  the  motion 
* 

X  we  have 

a~ 


*  *  * 
F  =  R  U 

Qf~  Qf~  0t~ 


*  .  *.T  *  ,  *,P 

c  =  (  F  )  F  =  (  U  ) 

a~  o~  a~ 


E 

a~ 


=  i(  c*-i) 

0^  ~ 


* 

e 


+  £(  o*)T 

Qf~ 


G 

or. 


5 


*  *  *  T 

e  =  -M  G  +  (  G  )T) 

0f~ 


*  1  /  * 

w  =  i(  G 

or*  ct~ 


*  T 

-  (  g  n 

a~ 


(3-13) 


T 

Tince  (3.2)  is  of  the  form  (2.7)  with  R  (Y,t)  playing  the  role  of  Q(t),  it 

a~  ~  cv~ 

follows  from  (2.10),  (2.11)  and  (3-13)  that 


i 

Ai 
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r 


y  =  RT(Y,t>  f  , 

Qf~  £>~  ~  CT- 


u  ^  u 

ot~  a~ 


C 

or- 


ot~ 


det (  F  )  =  J  >  0  , 

a~  a 


£  ,  R*  =  RT(  Y,t )  R 

Ot~  Ot~  0t~ 


(3.14) 


*  *  *  * 

We  note1  that  for  the  identity  motion  x>  F~R  =  C-U=I  and 


d~  Qrsj 


o~  o~ 


**•** 

L'=G=e  =  w=0. 

0~  G~  G~  o~  ~ 

* 

The  position  vector  and  rotation  at  the  pivot  Y,  in  the  motion  x  by 

ot~ 

( 3 .  2 )  and  (3-14),  are: 


*.  *. 
X  (Y,  t  ) 
or-  ~  a 


*,  *, 

r  (y,  t  )  =  i  , 

a~  ~  a  ~ 


(3-15) 


while  (3.14)  show  that  for  every  particle  of  (B  the  stretch  and  finite 
3  >5 

strain  in  the  motion  X  retain  the  values  they  had  in  the  motion  X.  It  is 

ot~  a~ 

clear  from  the  foregoing  that  (3-15)  and  (3.14)^  are  necessary  conditions  for 

-J 

the  validity  of  (3.2).  It  is  easy  to  prove  that  they  are  also  sufficient.  In 
this  connection,  we  recall  the  well-known  fact  that  a  condition  of  the  form 

(3.14V  for  the  stretch  implies  that  the  configuration  K  is  related  to  K 

3  or-  o~ 

by  a  rigid  displacement,  so  that 


X  (X,  t  )  =  Q(t )  x(X,t)  +  a(t )  ,  t  =  t+  a 

~  a  ck~  ~  Qf~  a  a  a 


(3-16) 


for  some  proper  orthogonal  tensor-valued  function  ^Q(t),  some  vector-valued 

function  a(t)  and  some  real  constant  a.  Consequently,  applying  the  gradient 
a~  a 

operator  to  (3.16)^  and  evaluating  the  result  at  the  pivot  Y,  we  obtain 


F  (Y,  t  )  =  Q(t)  F(Y,t)  . 
~  a  or'  ot~  ~ 


(3-17) 


Then,  application  of  the  polar  decomposition  theorem  to  (3-17)  and  use  of 

(3.14)..  results  in 


R  (Y,  t  ) 

a~  ~  a 


Q(t)  R(Y,t) 

0~-  Qt~  ~ 


(3.1b) 


and  hence  by  (3-15)2  we  deduce 
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(3.19) 


Q(t)  =  K  (Y,t)  . 

Q#~  Q(~ 


Next,  substitution  of  (3.19)  into  (3.l6)1  gives 


=  RT(Y>t)  x(x>t)+  a(t) 

Of'"-'  O'  Ql'*' 


(3.20) 


and  after  imposing  (3*15 )1  on  (3. 20),  we  have 

so  that  is  of  the  form  (3-2).  This  concludes  the  proof  that  (3.15)  and 
(3.14)  are  sufficient  as  well  as  necessary  conditions  for  the  validity  of 
(3-2). 

* 

Thus ,  the  motion  X  can  be  obtained  directly  from  X  in  accordance  with 
or-'  or-' 

(3-2)  or  indirectly  by  imposing  the  condition  (3-15)  and  (3.14)  ,  which  are 
equivalent  to  (3*2).  The  conditions  (3.15)  and  (3.14)^  involve  the  idea 
that  the  translation  and  rotation  may  be  removed  at  a  particle  of  the 
body  while  maintaining  the  stretch  (and  finite  strain)  at  all  particles*. 

For  later  reference,  we  record  here  certain  results  at  the  pivot  Y, 
namely 


u  Y,  t  =  o  ,  e  (Y,  t  )  =  U  Y,t)  -  I  ,  w  =  0  , 

~  a  ~  a~  a  ~  ~  a~  ~  ’ 


(3.22) 


obtained  with  the  use  of  (3.15),  (3-14),  0,  (3-12)_  and  (3. 13), 

It  is  important  to  note  a  property  of  the  formula  (3.2):  Having  obtained 

X  from  X,  if  (3-2)  is  now  applied  to  X  itself  no  motion  different  from 
a~  ot~  a~ 

X-  -¥r  ■¥- 

X  will  emerge,  since  tt(  X  )  =  X  by  virtue  of  (3.15).  Indeed  for  any 

CK~  ~ 

positive  integer  m 


A  similar  idea  has  been  often  stated  in  the  context  of  classical  infinitesimal 
elasticity;  see,  e.g.,  the  last  few  lines  in  section  18  of  Love  (1927). 
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m 


(3-2;, 


where  n'  stands  for  m  applications  of  the  function  n.  This  conclusion  also 
follows  from  Theorem  3*1  since  X  ,being  a  member  of  the  equivalence  class 

Qfw’ 

K(  X  ),  must  be  mapped  into  X  . 
a~  a~ 

# 

3 . 1  Invariance  properties  of  the  motion 

Consider  next  the  motions  X  and  x+  in  (2. 7).  It  follows  from  (3.11) 

c*~  a~ 


(  X  )  =  (rrou,)(  X)  =  tt(  X)  =  X 

Qf-~  0*->  Q*~’ 


(s,.24 


where  :vy  (3.2) 


(  X+)*(x,t)  =  {  R+(Y,  t4)}T{  X+(X5  t+)-  X+(Y,  t+) }  +  Y 
cr-  —  Lo*~  ~  a  c/~  ~  a  ot~  ~  a  ~ 


(3.23) 


with  c  chosen  equal  to  -  a.  Thus,  according  to  (3-24),  when  a  rigid  body 
a  of 

motion  is  superposed  on  a  given  motion  X  resulting  in  a  motion  X+,  by 

a~  °  c*~ 

,  ,  +  * 
applying  i3.2)  to  X  we  again  arrive  at  X  • 

Ot~  Q/~ 

:-y  substituting  X  in  (2.7),,  we  can  generate  the  equivalence 

Otr-  1 

class  Y.[  X  i  which  coincides  with  K(  x)  and  K(  X+).  We  note  that 
a--  os—  o~ 

.  *4,  *  .  #  .  -f  /  -K*  .  +  .  . 

Tv1  X  /  -  X  or  ( (  X  )  )  =  X  ,  where  <  X  )  is  the  motion  given  by  (2.7) 
a:  a~  o-  a~  o 

when  X  is  replaced  by  X  ,  i .  e . ,  (  X  )  +  =  <u  (  X  ) . 

a~  a~  ~  a~ 

Iii  subsequent  developments  we  need  to  have  available  explicit  relation- 

•* 

snips  between  various  kinematical  quantities  calculated  from  the  motions  x 


■■■■nd  (  X 


V.'ith  the  notations 


(X,t)  ,  u 


((  x+)*-  x)(x,t)  , 


(3.2b) 


-4  -w  4"  y  *  4  ^ 

■■  long  with  definitions  paralleling  (3-13)  for  R  ,  U  ,  C  ,  E  ,  e  and 
w f  ,  it  follows  at  once  from  (3.24)  that 

O'- 

*  dearly,  (3.24)  also  follows  directly  from  (3-25)?  (2.11)^,  (2. Y  and  (3.2). 
Indeed  these  were  the  very  equations  which  led  (through  Theorem  3*1)  to 
'"-.Hi. 
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F 

o~ 


+  * 


*  +*  * 
F  ,  u  =  u 

O"*  Ql^ 


+* 


Of— 


G 

a~ 


+  >  * 
U  =  U 

q r-  at~ 


+  *  * 

,  C  =  C 

a~  a~ 


_+* 


cr- 


E 

Qf~ 


(3.27) 


+  *  * 
R  =  R 

Q*~  Q>~ 


+  * 


+* 


w 

a~ 


w 

a~ 


|  y 

We  note  that  in  the  notation  of  (3.26).,  F  denotes  the  gradient  of  the 

X  QK' 

motion  (  X  )  =  tt(  X+),  while  F*4 =  (  F  )+  in  keeping  with  (2.10),  stands  for 

Qf~  ~  £y~  q*~  o/'~‘  1 

.  *  .+  * 

the  gradient  of  a  motion  (  X  )  which  differs  from  X  by  a  superposed  rigiu 

oh*  ot~ 

body  motion.  The  significance  of  the  results  (3.2?)  lies  in  the  fact  that 
while  motions  which  differ  from  each  other  by  a  rigid  motion  (and  thereby 
belong  to  the  same  equivalence  class), in  general  have  different  values  for 

G,  e  and  w  [see  (2.12)  and  (2.13)],  but  have  the  same  values  for 

*  *  * 

G  ,  e  and  w  . 

It  is  worth  making  an  observation  here  for  the  special  case  of  rigid  body 
motions.  Since  for  a  rigid  motion  X+ = x) .  it  follows  from  (3.1l)  and  (3.2) 


that 


?(o*+)  =  =  I^qX)  =  Dx 


(3.2H) 


so  that  the  entire  equivalence  class  K(  x)  of  rigid  body  motions  is  mapped  into 

O'"' 

*  *  *  *  *  *  * 

the  identity  motion  X.  Consequently,  the  values  of  F  ,  R  ,  C  ,  U  ,  E  ,  G  ,  e 

O'"'  rs;  ru  ~  -V/ 

★ 

and  w  in  any  rigid  motion  coincide  with  the  values  of  these  fields  in  the 
identity  motion  X.  Thus, using  the  notations  of  (3.26)  and  (3-27)>  Tor  any 
rigid  motion: 

+  *  *  „+*  * 

F  =  F  =  I  ,  R  =  R  =  I  , 

Os-w  O'"'  0~  0~ 


+  *  *  +  *  * 

C  =  C  =  I  ,  U  =  U  =  I  , 

Ocv  O'"'  O'w  0^  ^ 


4-  v.  ¥-  4-jf.  -¥r 

E  =  E  =  0  ,  G  =  G  =  0  , 

o~  o~  ~  ’  o~  o~  ~ 


(3.29) 


+*  *  +*  * 
e  =  e  =  0  ,  w  =  w  =  0 

Orv>  O'"'  'w  0~  O'"'  '"' 


29. 


The  results  in  (3.29),  especially  the  last  two  of  (3»29)>  should  be  contrasted 

with  those  in  (2.1b). 


be  now  proceed  to  establish  two  theorems  which  are,  respectively,  the 

converses  of  (3.27)g  and  (3.27)g. 

Theorem  3.2.  Let  „X  and  „x€1Ti  and  x  =  n(  X).  (a  =1,2).  If 
IN  I  .  I  II  rn—mm  ±~  oh-'  ~  Ct*' 

%  "H- 

(X,t+a)  =  2^  (X,t),  where  a  is  a  real  constant,  then  (i)  ^X  =  and 
(ii)  X  and  ^X  differ  by  a  rigid  motion. 

Proof.  If  ,E*(X,t+a) = 0E*(X,t),  then  n E(X,t+a ) = _E(X,t )  by  (3-lU)  and 
(ii)  is  obtained  as  a  well-known  result  and  then  (i)  follows  by  Theorem  3*1* 

Tneorem  3*3.  Let  ,X,~X  €tn  and  x  =tt(  x)  (a=l,2).  If  ne  (X,t+a)  =  „e  (X,t), 
where  a  is  a  real  constant,  then  (i)  jX  =  gX  and  (ii)  ^X  and  ^X  differ  by  a 
rigid  motion. 

Proof.  Taking  a  component  representation  of  (3.12 )^  relative  to  the  basis 


* 

u  v  ^  X  .  v. 

F  =  F..  e.  ®e.  =  ^  -  (X,  t  )e.  ®e^ 

ol  iA  ^1  3X.  ~  a 


(3.30) 


where  t  t + a ,  t  =t,  it  follows  from  the  smoothness  properties  of  the  motion 
X  that 


*  * 
rp  —  p 

a  iA,B  a  iB,A  * 


(3.31) 


Where  (  )  stands  for  S(  )/dX  .  These  are  the  compatibility  conditions  for 
,  A  A 

existence  of  the  deformation  gradient.  Now  put 


V(X,t)  =  V..  e,  ®e  =  F*(X,t+a)  -  „F*(X,t)  . 


(3.32) 


Then, 


V  =  V 
iA,B  iB,A 


(3-33) 


Furthermore,  decomposition  of  V  into  its  symmetric  part  A  and  skew-symmetric 
pert  b,  namely  A  = y(V+VT)  and  B-4(V-VT),  when  referred  to  the  basis 


30. 


give£ 


AMN  ~  2^giMViN  + giNViM^  ’ 


BMN  2^giMViN  ’  eiNViM^  ’ 


(3.34 > 


where  eiM=ei  •  Hence,  by  (3-33)  and  (3*34), 


akm,n‘ank,m  bmn,k  * 

By  hypothesis,  e  (X,t+a) =  e  (X,t)  and  it  follows  from  (3*13)r>  (3*12)  and 
1~  ~  2~  ~  ) 


(3-32)  that 


T 

V  =  -  V 


(3.3o) 


and  hence 


A  =  0  ,  B  =  V  .  (3-37; 

r>J  ~ 

Moreover,  in  view  of  (3-35)  and  (3 * 37 )^ » 

Vk'°  •  <3-3:,! 

so  that  B  is  independent  of  X.  Consequently,  we  may  write  (3*32)  in  the  form 

/-s-» 

B(t)  =  F*(X,t+a)  -  F*(X,t)  ,  (3-39) 

where  (3-37)2  has  been  used.  Evaluating  (3*39)  at  the  pivot  Y,  it  follows  from 
(3 - 13 )1  and  (3*15)2  that 

B(t)  =  U*(Y,t+a)  -  U*(Y,t)  ,  (5.^ 

T  T 

so  that  B  (t)  =  B(t).  But  by  definition  B  (t)  =  -B(t)  and  we  conclude  that 

B(t)  =  0  .  (3-41) 


31. 


/.ith  the  help  of  (3.4l )  and  (3.3j),  integration  of  (3.3  y)  yields 

lX  (X ,t+a )  =  2x’(X,t)  +a(t)  ,  (uk?) 

when-  n(t>  is  some  vector-valued  function  of  time.  Evaluating  (3.42)  at  the 
piv.-t  y  ..in,i  invoking  (3.15)  ,  we  conclude  that 

a(t)  =  o  .  (3.43) 


Recalling  the  remark  on  parametrization  following  (3.2),  part  (i)  of  the 
theorem  if  proved  and  part  (ii)  follows  immediately  from  part  (i)  and 
Theorem  3.1. 

*  * 

doroxlary  3-1-  If  e  =■-  0  in  a  motion  x,  then  X  =  .X  and  X  is  a  rigid  motion. 

~h'  prcn;t'  :'ljllcw"  at  once  t.y  setting  X  =  X  and  _x  =  X  in  Theorem  3.3. 

X 

jn  anticipation  of  our  later  use  of  e  as  an  inf initesimaj  strain 

a~ 

¥ 

a ppr oxiiuu ting  the  finite  strain  tensor  E  ,  we  need  to  make  some  observations 

Qf~ 

here,  lirrt  we  recall  that  two  essential  properties  of  any  satisfactory  finite  strain 
mess  u’e  fre  :  (i)  It  should  give  the  same  value  for  two  motions  if  and  only  if 

there  motions  differ  by  a  rigid  motion  (in  this  sense  it  can  be  used  to 
characterize  all  motions  that  belong  to  the  same  equivalence  class);  and  (ii)  with 
itr  are  one  should  be  able  to  calculate  exactly  the  change  in  length  of  material 
li-'K-e  in  a  given  motion. 

In  view  of  Theorems  3.2  and  3.3,  along  with  (3.27)  -  o,  both  E  and  e" 

o ,  o  q~ 

'.'itisiy  property  (i;.  Also,  the  tensor  £  satisfies  property  (ii),  but,  in 

*  $  £  *  , 

metier'.1,  e  does  not  .  Indeed,  we  may  deduce  from  f-.rO  that3  e  _  E  if 

3  a~  a~ 

Fr  'p  .rty  Tfi  implies  property  (i)  but  not  conversely. 

4 

*  he  clas.jcal  infinitesimal  strain  tensor  e  in  (2.3).  (or  e  in  (2.2de)l 

*  '.tirfier  neither  !i  )  nor  (ii). 

*  V"-J  ’  '  m.- n  her  -  parallels  that  used  immedirii  oly  following  f.'f  . 


*  « 

and  only  if  X  is  a  rigid  motion  in  which  case  both  e  and  E  are  zero  so 
Ja~  a~  a- 

that  satisfies  property  (ii)  only  for  a  motion  which  is  rigid. 

* 

Turning  now  to  the  kinetics,  we  denote  by  p  the  mass  density  in  the 

a 

configuration  K  ,  b  the  body  force  per  unit  mass  in  K  ,  n  the  outward 

ot~  q Qt~  Qf~ 

unit  normal  to  the  surface  d  P  ,  t  the  stress  vector  on  9  P  and 

a  a~  a 

T  the  associated  Cauchy  stress  tensor.  Field  equations  of  the  form  (2.1^) 
a~ 

# 

with  an  asterisk  added  then  hold  for  the  motion  Y  .  Furthermore,  recalling 

a~  ’  B 

m 

that  R‘(  Y,t)  in  (3.2)^  plays  the  role  of  Q(t)  in  (2.7),  it  follows  I'rora 
(2.2i),  (2.22),  (2.23),  (2.24)  and  (2.2?)  that 


n*  =  F.T  ( Y ,  t )  n 

Q*rs/  Qf*,  r*,  QfNW 


t*  =  RT(Y,t)  t  , 


T  =  R  (Y,t)  T  R(Y,t)  , 

~  or*  ~ 


div*  T*  =  RT(Y,t)  div  T  , 

a  ot*  **  Q(  Qt~ 


v*  -  b*  =  RT(Y,t)(  v  -  b)  , 

~  Of*,  Qfr*,  rs/  Ct~ 


•it 

where  div  is  the  divergence  operator  with  respect  to  position  in  the  con- 

ex 

figuration  K  and  is  defined  in  a  manner  paralleling  (2.16). 

rv~ 


,  4- ,  ■*  _  +  * 

Similarly,  associated  with  the  motion  (  X  )  we  have  the  quantities  J  , 

a~  a 

+  *  +-*■  .  +  *  +*  ■+•*  +*  ,  +*  _  , 
o  ,  b  ,  v  ,  n  ,  t  ,  T  and  the  operator  div  .  Then,  remembering 

01 y  Q fr*  Or*  Qt~  Ot^  0 Of 

(3.27)-j  and  the  conservation  of  mass,  it  follows  that 


J+*  =  J* 

a  a 


+  *  * 

,  p  =  p 
a  a 


Also 


,  with  the  help  of  (3-44)2  3  4 >  (2.24)  and  (2.11)^,  we  obtaii 


3.44 


33. 


1 


c* 


=  {  Q(t)  R  (r,t)}T  Q(t)  T  QT(t)  Q(t)  R(Y,t)  -  T*  , 

O'-'  ^  Qf'-'  5 


(3.4' 


t 


+  * 


t 

cr- 


+ * 


n 

Qt~ 


n 


i-.itu  the  use  of  (3.24),  (3*46)  and  the  balance  of  linear  momentum,  we  also 


l  ill  V  < 


,  .  +*  m  +  *  * 

div  T  =  div 
a  o-  a 


ot~ 


•+*  .*  +  *  * 
v  =  v  ,  b  =  b 

a~  o~  c*~  o~ 


3 •  ;  Properly  invariant  infinitesimal  theory 

in  the  next  section,  we  construct  an  infinitesimal  theory  of  motions 
cupernt fed  on  any  given  motion.  This  includes,  as  a  special  case,  an  infinite:  i- 

:»u  theory  of  motions ,  i.e.,  motions  superposed  on  the  identity  motion  X. 

o~ 

jh.wever,  it  is  instructive  at  this  stage  to  elaborate  oriefly  on  the  infinitesi¬ 
mal  theory. 

The  infinitesimal  theory  developed  here  is  derived  from  the  finite  theory 
:,y  c  /nsidering  as  a  measure  of  smallness  (associated  with  the  motion  x)  the 
•isnne.'ative  real  function 


*  *  *  *  * 
s  =  e  (t  )  -  sup  :|G  (X,t  )|j 

X  €  .ft  ~  ~ 


('.4- 


it  i •  important  to  note  that,  in  defining  a  measure  of  smallness,  we  do  not  as 
i :  c  .2"  >  use  the  displacement  gradient  G  in  the  motion  Instead,  we  first 
.nr  y  irt  x  rTT(X;  end  use  the  displacement  gradient  G  in  our  definition 

■  .  In  this  way,  the  came  e  is  associated  with  every  motion  in  the 

*  * 

. .ivh  ' class  K(x  )  and  the  motion  X  is  made  to  represent  this  entire 
ir  trie  infinitesimal  theory  as  well.  As  in  ('2.29/ >  we  can  readily 
u.t  •,  *  h“  expressions 


3n . 


(a) 

*  *  * 

F  -  I  =  G  =  0(e  )  , 

(b) 

(F*)'1-!  = -£>  +  0((e*)2)  =  £(e*)  , 

(c ) 

U*-I  =  e*  +  0((e*f)  =  0(e*)  , 

r+J 

(d) 

C*-I  =  2e*  +  0((e*)2)  =  £(«*)  , 

( 

(e) 

E*  =e%0((eY)  =£(«*)  , 

(f) 

(U*)"1- I  =- e*  +  0((e*)2)  =  £(e*)  , 

(g) 

R*  -  1  =  w*  +  0((e*)2)  =  0(e*)  , 

(h) 

(R*)T-I  = -w*  +  0((e*)2)  =  0(c*)  , 

* 

as  e  -0.  In  particular 

*  $ 

,  we  note  that  e  is  a  linear  approximation 

to  E*  =■  E. 

-K- 

In  view  of  this  and  the  invariance  condition  (3»27)g  of  e  ,  we  refer  to  e  as 

* 

an  invariant  infinitesimal  strain  tensor.  Likewise  w  is  an  invariant 

infinitesimal  rotation  tensor. 

Consider  any  smooth 

curve  C  in  that  joins  Y  to  a  given  X.  Let  C  be 

parametrized  by  its  arclength  S  §  0  so  chosen  that  S  =0  at  Y.  The  unit  tangent 
vector  t (C  )  at  a  point  R(S)  on  C  is  given  by 


dR 

T(s)=~(s)  .  (3.W) 

Denoting  the  value  of  S  at  X  by  L,  we  may,  in  view  of  (3.12 ),  calculate  the 

*  *  * 
displacement  u  (X,t  )  of  the  particle  X  in  the  configuration  ft  by  means  of 

the  expression 

u* (X,t*)  =  u*(Y,t*)  +  |G*(R(S),t*)-r(S)d£ 

~  ~  J0~  ~ 

=  !  G*(R(S ) ,t*)t(K )d£  ,  U-  ‘-'1 ) 

_ J0~  ~ 

nlr-o  the  remark  following  the  Corollary  3.1. 


35. 


.  ,  uas  been  used.  Then  by  the  usual  inequalities  for  integrals 

iih  A  •;  s  |A  i  lja![  for  all  second  order  tensors  A  and  all  vectors  a, 
fact  that  i!T(£)||  =  1,  it  follows  from  (3.51 )  that 


i 

|u’(X,t*);i  s  j“|jG"(R(f  ),tV)r(f  )i|df  §  e  ’l- 


(oO  2, 


'in  at  each  t.  ,  for  every  X  in  ft,  a  smooth  curve  joining  Y  tv  X  can  be 
o  i-..i  who.  length  is  finite,  it  follows  from  ( 3. 51’)  that 


u  (X,t  )  ®  0(e  )  as  e  -  o  • 


,  ir.  view  of  (3.12).,,  X  approximates  X  to  within  terms  of  :(c  )  as 


nally,  we  note  that  it  follows  from  (2.12;  and  (2.12;  that 


G*  =  RT(Y,t)G  +  PT(Y,t)  -  I  , 


2e  -  2e  -  [R( Y,t )  -  l](E  (Y,t)  -  1} 

+  fP.ri’(Y,t)  -  I  }g  +  (i?:T(Y,t)  -  l}G)r  , 


2w  =  2w  -•  b  ( Y,t  ■  -  r.  (  Y ,t . 


+  [F.  ( Y,t '  -  I}:  -  (  (]-- 1  ( Y  ,  t )  -  1  }G ) 


now  make  a  comparison  between  the  invariant  infinitesimal  strain  measure 

usual  infinitesimal  measirre  e.  iiuppose  that  c  in  (2.28)  is  small  for 

* 

gradients,  Then,  G  satisfies 


0(e  )  as  e 


:  ew  i  if  (2.2'i a;  and 


d- rived  from  (3.5h)  with  the  help  of  (2.2fya,h).  It  follows  from  (i.1/;), 
to.-'ether  with  (2.29k  ,h/ ,  that 

*  2 

e  -  e  +  0(e  )  =  0(e)  as  e  —  0  , 

*  O 

w  -  w  -  w(Y,t  )+0(e  )  =  0(c)  as  e-0  . 


»  *  ><■  # 

;  ince  the  linearized  G  ,e  and  w  were  obtained  by  Separate  linearization 
procedures,  we  observe  that  (3*57)  is  consistent  with  the  sum  of  (3-5>C|)2 


4  .  An_  invar  i_an  t  jLheory__o f_ _smal)L _on_  JLarge 

W>-  'I'-v^luj'  here  in  tiu;  sense  of  section  3,  a  properly  invariant  i  :ifi  ri  i  1  -  *  • :  i  i  ■ 
:nal  theory  of  motions  superposed  on  a  *i ven  motion  and  then  consider  tin-  earn- 
of  an  elastic  material. 

‘t .  1  'federal  results  for  motions  superposed  on  a  given  motion 

Tf  is  convenient  to  define  the  "difference  motions"  X  and  X  by 


/  “1  *  ,  *,*.,• 
X  =  2*°  1*  ’  X  =  2X  o  (LX  . 


(4.1) 


L  her. ,  by  (2.1)  and  (3.2 1, 


2~  ri  5  2~  =  ~*^1~  ^  ’ 

X  ■X’  +7  -X-  f 

w':u*r<  we  have  taken  Qc  =  c  in  (3.2)0  so  that  =  .t  =  t  .  In  (4.1;,  X 

r  presents  a  deformation  whose  superposition  on  x  results  in  X.  fimilarly. 

x-  *  * 

the  superposition  of  x  '  on  nx  yields  x  • 

An  application  of  the  chain  rule  of  differentiation  to  (4.1),  together 

•■•it!,  tne  use  of  (2.2),  (3.12.^,  (3-l4)1  2>  (2.l8),  (2.19;  and  (3.44)2  leads  t-. 

ax'  , 

f'  =  ^  (i~,t)  =  2 hi  ’  J'  s  det(£'}  =  2J/iJ  >  3  5 

l'  -  =  /(jFf)"1  ,  J*'  =  det(F*')  --  ->  0  , 


£*'  =  2b  ( Y,t  )F  ( Y ,t )  , 


pji _  ~i  t  ? 

!!((£')  )  it.! 


/  /,,*  ,  ,-l.T  * 

((F  ')  )  2n 

7  T 
||((F  ')  J  d 


i-xt ,  we  introduce  the  difference  motion 


+ .  +  ,  + , -1 
X  2~  °  1~ 


•in '  ••  i  with  the  motions  on  the  right-hand  ride  of  (2.7  )j  •  The  gradient  f 
•<  '  w  i  •  i.  r«-spe<rt.  i.:,  x  wi.l  1  be  denoted  by  F+  ' .  In  view  el  I,  <’» .  4  ) ,  (2.1  > )  ••tui 


K  *  (  F+  'l _1 
2~  vl~  ' 


2Q(t  )F 'iQ- L(t) 


(4.9) 


Ftu’ther,  considering  the  difference  motion 


++  /  /  +  \  *  //  ^~  \*\  “1 
x  -  Lx  )  o  ((.x  )  ) 


(4.  A 


o ) 


.  +  N  *  +-*  / 

wh  «e  gradient  with  respect  to  (  x  )  is  denoted  by  F  ,  by  (3.24),  (4.1) 

and  (4.3)^  w.  have 


+  *  /  *  /  +  *  /  _*  / 
X  =  X  ,  F  =  F 


¥r  ■¥•  t 

Mow  the  displacement  field  h  of  the  conf iguration  relative  to  /  ,  i.c; 
riven  oy 

*-  -if.  -X- 

h  =  2x  -  xx  ,  h  (x,t  )  =  2x  -Xx  .  (4.b) 

For  a  fixed  value  of  t  ,  h  (X,t  )  can  be  expressed  as  a  function  of  (^x  ,t  ) 
in  the  form 


h*(X,t*)  =  (h*o(1X^"1)(1/,tt 

=  {2x# °  (iX^)'1  -  XX* °  (iX*)"1)(iX*,t*)  .  (4.0) 

Also,  let  a  function  h  at  each  time  t  be  defined  by 

h=h*o(1x*)"1  •  (4.1J 

[hen,  recalling  (4.1 from  (U.B)^  and  (4.9),  we  obtain 

*  *  *•*..*»  — 

2x  -  Xx  -  h(xx  ,t  )  =  (x  -  0x) ( pX  ,t  )  ,  (4.11 

-  +  * 

wh"'T-'  X  is  the  identity  mapping  on  the  region  .  We  note  that  at  the 

current  position  of  the  pivot 

+An  ..v--rtnr  is  used  to  distinguish  between  this  mapping  and  the  identity 
m  t,i  u.  X- 


39- 


('i.J.2) 


h^y  ,t  )  -  o 

(3.-l-s)^.  By  (4.11),  (4.3)2  ^nd  (4.10),  the  relative  displacement  gradient  of 


with  respect  to  ^x  ,  namely 


dh 


4  "  — 1 T  (1*  )  , 

dj_X 

* 

and  the  gradient  of  h  with  respect  to  X  are  given  by 


(4. lj  i 


*  *  _  i  * .  ^4  *  *  > 

11  "  2~  (lL  )  1  =  F  -1  ’  ~  =  H  ,F  =  _F  -  .  F 


dX 


2~  i: 


(4.i4; 


:r. ,  the  difference  _E  -  E  of  strains,  with  the  help  of  (3.13 )0  o  and 

c-~  5  J 

•.  1 4 '  ,  ir  of  the  form 


*  X-  n  ,  *,T  T  T  * 

2E  -  lF  =  |(nF  )  [H  +  ii1  +HiH}nF  . 


(4. It  ) 


due  displacement  field  h  associated  with  the  motions  (  X  )  (or =  1,2)  i£ 


defined  in  a  manner  paralleling  (4.8).  Thus, 


h+*  =  LxV-  LxV  ,  h+*(X,t)  =  (0x+)*  -  (,X+)* 


(4 .16) 


dnen,  in  view  of  (3.24)  and  (4.8)^, 


+■* 

h  =  h 


(.4.1 7 ) 


c.  -nvenient  far  our  present  purpose  to  express  h"*  *(X,t)  as  a  function  h 


+x*t-l 


h  -  h  o  (  ^x  )  )  , 


(4.18) 


i>V-(,xV  =  h+((nxV,t)  -  (x+>  '  -  X +)  ( ( -j  x  +  )  *  >t )  , 


l- 


4.1,  i  has  r-'-en  used  and  where  X  denotes  the  identity  mapping  on  the 
■1  .  « 


r.  ft 


( j X '  >  (  R,t).  Inspection  of  (8.24),  (4.17),  (4.18)^  and  (4.1 o) 


4o. 


in  viuW  of  (3*24),  x  =  X-  It  now  follows  from  (4.13)  ;md  (4.1  j)  that 


the  relative  displacement  gradient  H+,  namely 


^(-jX  ) 


+  *  (  (  1  ^  )  3  t  )  , 


(4 


satisfies 


H  -  H  . 


(4 


4.2  Results  for  an  elastic  material 


Mow  consider  the  body  ®  to  be  composed  of  an  elastic  material*.  Thus,  1-t 

e  tie  the  elastic  strain  energy  per  unit  mass  in  the  configuration  X. 
a 

+  * 

Furthermore,  let  e  and  e  denote  the  strain  energy  per  unit  mass  in  the 

a  a 

-f-  -X-  + 

e  :nfi*Turations  x  and  x  ,  respectively.  We  assume  that  e  =  e  and  it 

or-.  oe~  a  a 

then  follows  that  e  -  s •  A  nonlinearly  elastic  solid  may  be  characterized 

a  a 

by  the  constitutive  equation 


.  A  i?A  T 

T='P  F{De(  E)  +D  e(  E)}  F1  , 

a~  a  a~  or-  a-  a~ 


(4 


A,  .  A  . 

where  e  -  e (  E)  and  the  notation  D«(  E)  stands  for  the  derivative  of  the 
a  'cf“  a~ 

A  q>  a  A  T 

function  e  at  the  point  E,  while  D  e(  E)  =  fDe(  E)}  .  We  observe  that  in  view 

a~  or-  a~ 

of  (2.1'i)^,  (2.11)2  and  (2.2l)  the  value  T+  of  the  stress  tensor  given  by 


ot~ 


4.22)  for  the  motion  X  satisfies  (2.24),  so  that  (4.22)  is  a  properly 


a~ 


invariant  constitutive  equation.  The  Cauchy  stress  T  in  the  motion  X 

a~  or- 


the  form 


T 

a~ 


* 

P  F 
a  a~ 


(■-A.  K  tA.  * 
f  De  (  E  )  +  D  e  (  E 

or-  or- 


-x  T 

)  (  F  )L 

or - 


(4- 


and  we  observe  that  (3*46)^  is  satisfied.  To  continue  the  discussion,  let  , X  bo 
•>n  arbitrary  known  motion  of  ®  and  some  general  motion.  Having  constructed 

»  X 

'.lie  motions  x  and  X  ,  we  employ  as  our  measure  of  smallness  associated  with 

_ _  _ _ _ 

*  By  an  elastic  material  we  mean  a  Green  elastic  material  for  which  a  potential 
function  r.  is  assumed  to  exist.  In  this  subsection,  the  symbol  E  is  employe! 
i/i  represent  the  elastic  strain  energy  e  ,  as  well  as  the  quantities  f  +  nr.'! 
i  * ;  but  this  need  not  tie  confused  with  the  use  of  (  for  a  different  purpo/,.- 
earl  i.-r  parts  of  the  paper,  e.g.,  in  Kqs.  (2.28)  and  (2.29),  or  wi  Ui  the  uc  1 
in  and  e.sewhere  in  subsection  4,2. 


i  n 
• !’ 


1 


X  and  0X  the  nonnegative  real  function 


—  — ,  * 
e 


-  e(t  )  =  sup  ||li(1x  ,t  )l| 


<4. 


1~  €1R 


y.  liowing  the  same  line  of  reasoning  that  led  to  (3.53) ,  it  may  t,_-  deduce i  tr.«. 

(4.1 :?  )  and  (4.24)  that 

_  _ 

h(^x  ,t  )  =  0(e)  as  e  -  0  .  ' 

h.-xi,  with  tue  use  of  the  polar  decomposition  of  F*',  i.e., 

F  =  R  U  ,  (w  ■ 

where  K  and  U  are  proper  orthogonal  and  symmetric  positive  definite  tensers ,  re;  j>w 
ti'.'ely,  we  obtain  estimates  for  various  kinematics!  quantities.  I  here  're: 


(a)  F*'  -  I  =  H  =  0(e) 

,  (b) 

(F* 

')_1  -  I  --  -  ii  >  <j(e‘’  )  -  0(e)  , 

( e  ) 

’/  '  -  1  -  i(H+HT)  4  o(72)  -- 

~  <-w  r-~y 

0(e)  , 

(d) 

(if  ' ) _1  -  I  -  -  H li+HT  )  1  d(  ?  ’  r 

:  d 6 

1  e ) 

H*'  -  I  =  f(H-HT)  +0(72)  = 

0(e)  , 

(f) 

(k*')t-i^  =  -Kii-h1  >  +  o(?:: 

•4.2 

~'e  ■  •’ 

(g)  F'-F"  =|(/)T(H+HT]/  +  0(^)  =0(.)  , 


2~  1. 


ns  e  — 0,  where  (4.15)  has  been  used  in  deducing  (4.2/g). 

A,  * . 

Assuming  sufficient  smoothness,  we  expand  De(  E  )  in  a  Taylor  series  snout 
*- 

the  point  E  and  invoke  (4.24)  and  (4 . 2Yg)  to  old  ain 


A,  a ,  A,  « 


.2  A 


De  (2E" )  De'tj.  )  +  yD^e’^E  )[.(JF  ' )"  (H+H1)^*]  +  0(e2)  as  e-0  , 


>  A  * 


where  i  e(1E  )  is  the  second  derivative  of  e  at  ^E  .  Recalling  the  definition 
A  the  transpose  of  a  fourth  order  tensor,  we  note  the  symmetry  condition 


42 . 


(d2«\£v  -  D?«v>  ,  , 


^  ,:\  „2  A, 


(4.2';) 


which  fellows  from  the  assumed  smoothness  of  e.  With  regard  to  the  relation¬ 
ship  between  the  mass  densities  ±p  and  2p* ,  from  (2.15^,  (3.14)2>  (3. 44) 

(4.3 )-  ^  and  (4.l4)  it  may  be  deduced  that 

2P  -  xp  (det(l+H)}'1  =  1p*{l-tr  H  +  0(^)}  as  7-0  .  (b.'ju) 

Substitution  of  (4.28)  and  (4.30)  into  (4.23),  with  a  - 2 ,  and  ur..-  of  :4.ih/ 

1 

together  with  (4.23),  with  or=l,  leads  to  the  approximation 


zl  *  U-tr  ji)1£,+1TV  +  jil£"+5  1p,1£K[(1Ft,)T(H+HT)1Fj(1F')T  , 


'1~  JVll 


where  terms  of  0(e  )  as  e -•  0  have  been  omitted.  The  fourth  order  tense 

£"-*ahcd2a8!bsJ!c®Sd  is  defined  by+ 


KABCD  u^DABCDe('l£  ^  +DABDCt^l£  ^  +  DBACDe^l£  ^  +  DBADC£^i£  ^  ‘  d--;2) 

In  view  of  (4.29)  and  (4.32),  K  possesses  the  symmetries 


KABCD  kbacd  kabdc  kcdab 


(4.33 ) 


V.'e  now  proceed  tc  show  that  the  expression  (4.31)  is  unaltered  when,  in  accordant 

with  the  transformations  (2.7),  rigid  body  motions  are  superposed  on  X  resulting 

Gr¬ 
in  the  motions  .  First,  defining  K  in  a  manner  analogous  to  that  in  which 

K  was  defined  by  (4.32),  we  observe  that  K  +  =K.  Using  (4.31),  the  stress  tensor 

+  *  +  ^ 

T  in  the  motion  (  x  )  is  given  by: 


*L)ue  to  the  symmetry  cf  the  term  in  square  brackets  in  (4.28),  it  is  only  the  pa 
"■ 1  DABCC€  1~  ■  +  DABDCe  ^  jF  ))  that  contributes  to  the  expression. 


?T+  *  ^  (1-tr  H+)  T+"  +  T+"(H+)T  +  H+  T+* 

~  X''-'  X~  ^  ~ 


+  i  1p+\f+V[(1f+*)t(h+  +  (h+)t)1f+*](1f^)t 


(1  -  tr  H),  T*  +  _T*  HT  +  H  1T'X 

J_/v/  J_r*s  ^  X~ 


,  *  *  v  T  T,  *  *  T 

+  \  ip  i£  K[(j_F  )  (H+Hi)1F  J(1F  )X 


(4 


where  (4.2C)  has  been  used  along  with  equations  (3.46),  (3*44)^  and  (3-2 7)^ 

with  a?  -  1.  Therefore,  by  (4.34),  the  transformation  property  (3.46 )^  with  a  -  2 

* 

is  satisfied  when  ,,T  is  given  by  (4.31),  so  that  (4.31)  is  a  properly  invariant 
expression.  The  significance  of  (4.34)  is  that  the  relation  (4.31 )  trans¬ 
forms  correctly  when  arbitrary  finite  rigid  motions  are  superposed  indepen¬ 
dently  (arid  possibly  simultaneously)  on  both  ^X  and  ^X. 

■V- 

lr.  order  to  derive  an  expression  for  the  traction  vector  ,  t  ,  we  note  u.y 
1  4.2  ■’’b .)  that 


';1((F*'  )"1)T1n*!1,'1  =  1  +  i  •  (H+HT)1n%°(^)  as  e  -  0  (4 

and  hence  by  (4.3)v 

n  -  ,n  +5f,n  •  (H+H  un  ],n  -H  n  +  0(e  )  as  e-O  .  (4 

;  t  then  follows  from  (3.44)..  _  ,  (2.1b),  (4.31)  and  (4,io)  that  when  terms  of 

5  3  -J 

(e‘  ■. * r1'  emitted 

rC  -  (1  -  tr  ii+  1  n‘  .  ( H+HT  )Jt‘ 

*•  !l  +  ■:  ,  p  F  K  f  (  .  F  j  *  ( H+i i 1  ,  .  ?  !  !  .  F  '  ' 

-4  •  1  invariant  infinitesimal  elasticity 

Th"  res -.Its  of  t.hr>  P'ib!-.»*ction  4..  ran  1>  i  1  y  i  a)  :  1  * 

.■mperi.v  invariant  infinitesimal  th--  >ry  ‘  .  a.  '  i  •  *  i.  !  1  ■  ■* 


»  '  i 


lx 

-L'— 


=  o* 


(4.3  <j) 


Then,  clearly 


1 


F 


1 


h 


(4.3V) 


The  stress  tensor  in  the  motion  .X  is  obtained  from  (4.22)  with  F  -  I, 
!•  1  and  is  given  oy 


A 

p{i>e( 


tA 

+  h  e(0)} 


(4.-. 


■unirn'  a  strei 


-t’r- 


•i  ■ 


t.fi iniration  <,  we  take 

o~ 


(4.41 ) 


and  hence  by  (  3.44); 


(4.42) 


In  keeping  with  ( 4 . 3^ )2  we  suppress  the  subscript  2  in  all  quantities  associated 

*  *  *  * 

with  the  motion  0X  =  X.  Thus  r.X  becomes  X  ,  „F  becomes  F  ,  etc.  Then,  by 
(4.1),  (4.38)1  and  (4.39)2,  we  have 

x'  =  X  ,  X*'  =  x*  ,  (4.43.) 

since  X  X.  Furthermore,  by  (4-3)  and  (4.39)  , 
o~  o~  3  3 

£*'  =  F*  .  (4.44 ) 

From  (4.8)^,  (4.39)  and  (3-12)2  we  obtain 

h*(X,t*)  =  (x*-  x)(X,t*)  =  u*  (4 . 4 : 

■  r.u  we  see  from  (4.44),  (4.14)^  and  (3.12)^  that 


45. 


I*  I 


n  -  F  -  i  -  ; 


7  nsequintly  e  in  (4.24)  becomes  equa  L  t<-  e  of  (3.48).  In  view  of  (4.  \\n  ani 
(  the  tensor  K  defined  in  (4.32)  becomes  K,  where 

hABCD  "  ^ABCD*^  +DABCD%  +DLclA-'  <  ^  • 

This  ir  the  same  quantity  that  appears  in  equation  (l.l).  Wit  ii  t  help  1  V 

*.9 1  ,  ,  (4.47),  (4.46)  and  ( 3 - 13 )i  ,  specializing  (4.31,  w»  dcdnc* 

the  desired  constitutive  equation  for  linearly  elastic  solid,  which  was 

recorded  earlier  (see  Eq.  (1.13) ).  Having  been  obtained  as  a  special  case  of 

(4.31),  clearly  (1.13)  is  properly  invariant  under  the  transformation  (2.Y) 

with  a^2  suppressed.  Alternatively,  the  invariance  of  (1.13)  can  be 

established  at  once  from  (3.27)0.  It  is  then  seen  that  (3.46),,  with  ot-2 

o  l 

suppressed,  is  satisfied  when  T  is  given  by  (1.13). 

-fc"  -X 

next  we  obtain  an  expression  for  the  traction  vector  t  =  t  .  First,  by 

(d.  j-;  (4.39)  and  (2.18)  we  note  that 

1  2,3 


.  n  =  n 
J _  o~ 


it  then  follow 


>ws  from  (4.36),  (4.46)  and  (3*13)^  that 


*  #•  *  *  1 

n  =  _n  =  (1 +  n  •  e  n)n-(G)  n 
~  2~  o~  ~  o~  o~  ~  c~ 

.’here  terms  of  0(ec)  or  equivalently  of  0((e  )  )  have  been  omitted.  Now  it 

*  y 

i.lowr:  from  (4.42),  together  with  (2.15)  in  the  form  t  n  ,  that 


,t  =  0 


/•  I tr.  the  help  f  (4.39)^  ^ >  (4.46),  (3*13)^,  (4.48),  (4.5°)  and  recalling  that 
v-  iic-.r  to  K  it  follows  from  (4.37)  that 


t  ~  p  K[e  )  n 
~  o  ~  ~  o~ 


46. 


k 


This  expression  agrees  with  that  derived  from  (1.13)  and  (4.49)  when  terms  of 
0(e^ )  are  omitted. 

To  complete  the  infinitesimal  theory  of  motions  superposed  on  a  given 

motion,  it  is  necessary  to  insert  (4.31)  in  the  equations  of  motion  written 

in  terms  of  the  quantities  appearing  on  the  right-hand  side  of  (3.44)^  g,  and 

* 

to  express  all  quantities  in  terms  of  the  variable  .x  . 


i  i 


47- 


48. 


49. 


0 


•:  'lid, hence  t>y  (0.1  1  and  (h  ,u)  , 


fir 

■  v  '  o 


2ji  £y  l2,+  £(eYj  aS  6 Y 


Text  we  observe  that  (3.13)  ,  (4.l4)  and  (4.24)  lead  to  the 
rely  tions 


k  _  1  *  O  _  "I  ■*  .  HP  TT  * 

<iV  <£V  <1y!  ‘  h~Y  l«Y+LWl>liiY 

-  1+  (.R  )^(H  +I!y'i  h  .+  .  ( eC. )  as  e..- 
~  1~Y  ~i  ~Y  l~r  ~  )  i 

: :  T'  fire  (  :j„)  hi!  may  be  written  in  the  form 

(iHYrl2£y  Vi£y  )T^I+  +  lhl> +  ~  rv  ^ 


where  Y  is  a  skew -symmetric  funct-.c.  cl'  T(eY).  The  symmetry  of 

*  * 

places  a  further  restriction  on  Y,  namely 


\  Tr  l  (  li  _liiT  \ 


ST, 


i£y(i£y}  ^{V£y}  +lhh  =  W  u(HY+i£)  -  y}iRy  2uy  +  o(e;. 


Using  (S».lo)  and  (5.iy),  v/e  may  express  _U..  in  the  form 

d~i 


A  =  i 


Uv  +  0(eS; 


nrthermore,  in  view  of  (3*13 )^>  (4.14)^,  (5*16)  and  (4.2/e) 


2Ry  -  +  +  =  {R^Oy}^ +  0('?T. 


*  i 


.  d-.ptiny  the  notation 


+ 

. ne  function  Y  may  he  written  as 
ch  v  that  Y  always  exists  at.i  is 

*In  particular,  if  .  i  ,  (0.17') 


a  linear  function  of 
unique . 

implies  that  Y=0. 


Sl¬ 


it  is  not  difficult 


■1. 


y  =  1x"(Y',t')  , 

w(yy')  =  Kiiy(y»t,t)-i^(y»t*)]  +  x(y»t*)  =  -wt(yy')  =  o(7y)  as  7y-o 

it  follows  from  (5.1(»)  and  (5-3)  that 

2|  =  {I +W(YY,)]1R  +  O(^)  as  7y-0  . 

Then,  by  (‘,5.14)  and  (4.27 e), 

R*;  =  1  +  1Rr(|-(ily-]^)  -W(YY')}lRy  +  0(^)  as  y  0  . 

Ir.  particular ,  it  is  clear  from  (5-20)  and  (5-22)  that 

R*'(y,t  )  =  I  -  Y(^,t  )-^R_+  2-(®y)  =  L+2Se^  as  eY-0  . 

Next,  we  return  to  (5*11)  and  make  use  of  (5.21)  to  obtain  the 

following  estimates  for  , ,  its  symmetric  and  skew -symmetric  parts  and  for 

*  / 

.  -  /  • 

Hy,  =  jf[HY -«(¥¥')}£+ 0(1^)  =  0(ey)  , 

^Sy'+Sy'5  =  ?iRr{HY+^}iR+0(^)  , 

( 11. ,  , )  =  ^Rj  ( YY  ' )  }XR  +  0(7^ )  , 

"  if^r  -w(yy')^+2(F?) 

;;C 

i. 

*  <  .  . 

■r  V  is  used  os  a  pivot, then  the  stress  tensor  T  is  given  by  (4.il) 
(with  h  subscript  Y  attached  to  all  quantities )  while  if  Y '  is  used,  T  ,  is 

given  by 
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2lr  ■  (i'tr  +  ilr 

+  ,p-./  i£y'  K/ '[ ( i£y ' )T(iiY /+L^ ' }iri ,] (1~Y ' )T 

+  0(ey ,)  as  ey,-0  ,  (‘,.24) 

where  Ky,  is  defined  similar  to  that  in  (4.32).  We  now  proceed  to 
show  that  0*25)  implies  (4.31).  To  this  end,  we  first  note 

from  (4.32)  and  (5*4)^  that  Ky,  =  Ky  and  also  recall  from  (4.24)  that  !iy/  is  of 
0(ey)  so  that  the  error  term  in  (4-25)  is  of  O(c^).  Then, with  the  use  of  {[>.[■) 
we  deduce  from  (5.25)  that 


—  — T  *  —  — XT' 

R  ,R  ,T„  , R  „R 


=~Y  ^  "  tr  Sy  '  ;2~  Hi  1~Y  1~  2: 


—  — T  x  —  T  — T 

+  2R  .jR  xR  Hy ,  R1 


+  sESi'  1?  A  i2? 


4Pi-  2~  1  hr  “Y[<liLY')T(!iv'*5l':)lt(',(liY')T2ir 


+  0(ey)  as  c y-*  0  , 


0. 


.20 ) 


where  (4.21)  has  been  noted  in  writing  the  error  term.  With  the  help  of  (4.24), 
•  .21  and  (4.2)  it  is  readily  seen  that 


-2. 


tr  Hy,  =  tr  Hy  +  0(ey)  , 


2R  =  I +W(YY')  +  0(ey)  , 


2^  Hy  '  i?  =  Hy  *  W  ( YY  ' )  +  O(^)  , 

2R  1^  -  (I+WtYY'n^O^)  , 

( 2£y  '  )'I  (i!,Y  ,+!iy '  ).i£y '  =  (iFy)'1(Ry^Hy)iFy+  O(g^) 


0  .27 


as  ey-0.  Substituting  the  latter  results  in  the  appropriate  terms  of 
we  find  that 


-  d-tr 

-  XT*  W(YY')  +0(^)  , 

2!  1?  A  i£  Sr  2?  -  A  £  + A  *.(”')  *°G?>  •  d 

—  *  —  r ,  *  .T,  T  ,  *  ,,  *  sT  -T 

2~iZy'  ~Y  1~Y '  ^  S-Y ,+2y '  1~Y ,  1~Y '  ^  2^ 

'  A  Sf[<1Fj)T(^)iF*K1F*)T*0(^) 
as  e y  —  0 .  Inserting  the  results  (5.28)  in  (5.26)  we  conclude  that 

2~Y  _  (x  “  tr  S.y^1~Y  +  Sy  1~Y 


p*  ttT 

1~Y 


+  s 


*.T 


^ipy  A  »y[<A)IA+^)AkA) 


+  0(ey)  as  ey-0  , 


(b 


which  was  to  be  shown. 
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This  appendix  provides  certain  mathematical  developments  concerning 
equivalence  relations  and  equivalence  classes  (used  in  sections  2  and  3), 
which  pertain  to  the  procedure  employed  in  the  construction  of  invariant 
infinitesimal  theories.  In  particular,  we  discuss  the  two  relations  "differs 
->y  a  rigid  motion"  and  "differs  by  an  infinitesimal  rigid  motion." 

Theorem  A.l.  The  relation  "differs  by  a  rigid  motion"  defined  in"'”  (2.'j)  is 
an  equivalence  relation  on  fn,  i.e., 

(a)  X~X  for  every  X  €  (Reflexivity ) . 

(b)  If  X, 9  6 Hi  and  X~9,  then  e~x  (Symmetry). 

rsw  rw  r>J 

(c)  If  x,0,e  and  X~0,  £~9,  then  X~I3  (Transitivity). 

Proof : 

(a)  x(X,t+0)  =  I  x(X,t)  +0,  so  that  (2.?)  is  satisfied  with  the  choices 

cw  rvi  /~V>  r+s  /V  /-»* 

Q(t) = I ,  a(t )  =  0,  a  =  0. 

r>J  rs j 

(b)  If  X~9S  then  x(X,t+a)  =Q(t)e(X,t)  +  ^(t)  by  (2.7)*  Hence, 

0(X,r+b)  =  £(t)x(X,t)  + b(r)  with  t  =  t  -  b,  b  =  -a,  P(t)  =  QT(t) , 
b(r)  =  -QT(t)a(t)  so  that  0~x. 

(c)  If  X~0  and  0~  0,  then  X(X,t+a)  =  Q(t)0(X,t)  +  a(t), 

$(X,t)  =  P(t-b)@(X,t-b)  +  b(t-b )  with  Q,P£(9+  the  set  of  proper 
orthogonal  tensors  and  a,b  constants.  Hence,  x(X,t+c  )  =  £  (t)j9(X,t)  +  £,(t) 
with  t  =  t-b,  c  =  b+a,  S (t)  =  Q,(t  )P(t)  €  &+,  c(t)  =  Q(t)b(i)  +  a^(t) ,  so  that 
X~9- 

The  set  K(x)  =  (0  €ITi  |  0~X]  is  called  the  equivalence  class  of  X  in  the 
equivalence  relation  ~  and  any  member  of  it  is  called  a  representative  of  K(x)- 
We  recall  the  standard  results* 

fW e  suppress  the  index  a  in  this  appendix. 

*fee,  for  example,  van  der  Waerden  (1970,  p.  10). 


( i )  K(x)  =  K( q)  if  and  only  if  X  ~  8 

r*-t  r*J 

(ii)  U  K(x)  =  to 
x  em  ~ 

(iii)  K(x)  /  K(e)  implies  K(x)  fl  K(q)  =  0  . 

Thus  all  the  motions  in  to  which  are  equivalent  to  one  another  (i.e.,  differ 
from  one  another  by  a  rigid  motion)  and  are  regarded  as  being  mechanically 
indistinguishable,  belong  to  the  same  equivalence  class.  Clearly,  an  equiva¬ 
lence  class  is  determined  by  any  one  of  its  members:  if  instead  of  X,  we  begin 
with  trie  motion  9  and  place  all  the  members  of  to  that  are  equivalent  to  0  in  the  sain* 
class  we  arrive  at  a  class  K(e)  which  is  identical  to  K(x).  Furthermore,  the 
equivalence  classes  cover  to, and  distinct  equivalence  classes  are  disjoint. 

We  may  therefore  partition  to  into  disjoint  subsets,  each  of  which  contains  all 
those  motions,  and  those  only,  which  differ  from  one  another  by  a  rigid  motion. 

As  was  pointed  out  in  section  2,  since  the  Lagrangian  finite  strain  tensor 
£  remains  unaltered  under  superposed  rigid  body  motions,  it  may  be  used 
to  characterize  the  equivalence  classes  of  to*  Adopting  the  convenient 
notation  E(X,t  ;  x)  for  the  Lagrangian  strain  at  X  and  t  in  the  motion  X,  we 
record  the  following 

Theorem  A2.  For  any  9,X€to,  9~X  if  and  only  if  E(X,t+a  ;  0)  =  E(X,t  ;  X)  for 
some  constant  a.  The  necessity  part  of  the  proof  follows  immediately  from  (2.4) 
and  (2.7),  while  (as  remarked  in  the  proof  of  Theorem  3*2)  the  sufficiency  part 
is  well  known. 

In  view  of  Theorem  A2,  and  the  result  (i)  noted  above,  we  may  state 
Theorem  A3.  For  any  x,9€to,  K(x)  =  K(0)  if  and  only  if  E(X,t  ;  x)  -  E(X,t+n  ;  9) 
for  some  constant  a.  In  fact,  we  may  now  say  that  the  relation  "9  has  the  same 
Lagrangian  finite  strain  as  x"  is  an  equivalence  relation  on  to  which  generates 
the  same  partition  as  the  equivalence  relation 

Next,  recalling  the  definition  of  E  in  (2.4)  we  observe  at  once 

Cl 


5  6. 


We  may  use  Theorems  A2  and  A4  to  show  that  the  value  E=0  characterizes 
the  equivalence  class  of  rigid  motions: 

Theorem^JWj.  X  €  ft  is  a  rigid  motion  if  and  only  if  E(X,t  ;  x)  =  0  (for  all 

(X,t)). 

ti-uox':  If  X  is  rigid  then  X  ~  X  and  hence  by  Theorems  A2  and  A4,  E(X,t  ;  X) 
Conversely,  if  E(X,t  ;  x)  -  0,  then  E(X,t  ;  X)  =  E(X,t  ;  X)  by  Theorem  A4  and  lienee 
by  Theorem  A2 ,  X  ~ QX  so  that  X  is  rigid. 

We  have  employed  the  formula  (2.4)^  in  the  proofs  of  Theorems  All  and  A4. 
Alternatively,  we  could  characterize  the  notion  of  strain  in  a  rather  general 
way  by  assuming  that  our  strain  measure  satisfies  Theorem  A2^.  The  strain 
associated  with  the  class  of  rigid  motions  would  then  be  some  constant  (tensor), 
not  necessarily  zero.  The  tensors  C  and  U  in  (2.4)  satisfy  theorems  paralleling 
Theorems  A2  and  A4  with  both  these  tensors  having  a  value  I  for  the  class  of  rigid 
motions.  From  the  foregoing  theorems  and  remarks,  it  is  evident  that  an 
essential  feature  of  the  notion  of  strain  is  that  it  characterizes  an  entire 
class  of  motions  rather  than  simply  a  motion.  In  particular,  the  Lagrangian 
strain  tensor  E  defined  in  (2.4)  characterizes  equivalence  classes  consisting 
of  motions  that  differ  from  one  another  by  a  rigid  motion  and  which  are  regarded 
as  being  mechanically  equi valent. 

Turning  next  to  the  infinitesimal  strain  tensor  e=  e(X,t  ;  x)  in  the  motion 
X,  which  is  defined  by  (2.8)^,  and  the  relation  "differs  by  an  infinitesimal 
rigid  motion"  we  establish  the  following  three  results  of  interest: 


f  course,  it  would  not  be  possible  without  other  assumptions  to  relate  such  a 
concept  of  strain  to  the  change  in  length  of  material  line  elements.  While 
this  may  appear  strange,  we  remark  that  in  the  theory  of  elastic-plastic 
materials  a  tensor  £p>  called  plastic  strain  appears,  which  only  by  introducin,- 
an  addition  assumption  can  be  related  to  the  (permanent)  change  in  length  of 
line  elements. 
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Theorem  Au. 


ihe  relation  differs  by  at:  i  nl"  In  i  t.es  i  mul  rite  :  mu*  i  -t,"  i:  ,1 

an  equivalence  relation  on  tft. 

]y  2 £•  While  the  relation  satisfies  the  ref  lexivit.y  property,  it  rails  u 
satisfy  both  the  symmetry  and  transitivity  properties  of  an  equivalence  relo¬ 


tion.  To  elaborate,  let  0  € m  differ  from  x  €!T.  by  an  infinitesimal  rigid  m-diu.. 


inen,  (2.20)  hold  and  X(X,t)  =  (l+W(t)>  1(  0(  X,T)-d(  t) ) .  If  x  were  i,„  differ 
from  j3  by  an  infinitesimal  rigid  motion,  then  it  would  be  possible  to  i.-xpresr 
fl+V.  vt/}  as  the  sum  of  1  and  a  skew-symmetric  tensor  and  it  would  then  fol  low 


-1 


i  _  d 


-0(1) 


1+uT 


that  tr([l+W(t)}  -I) =  0.  However,  tr  ({r*W(t )  }  -I )  =  tr  ( [I-rtJ  (t .) } 

-  :jW  ( t )  'f 

— — - ■?  where  W(t)  (e.  8e,  -  e.  »e.  )  +  #„(e.  Se.  -  e.  8  e.  ) 

i-HVi:|W(t)|f  ~  12  ~L  ~2  -A  lo  -1  ~3  ~3  ~1 

'  v?  *  ^  ~3  "  ^3  *~1  ^  an<^  w2  =  uj^2  +  0)^3  +  =  g-||W(t)||2 .  Therefore 

■  r i (^^(t ) }  ^-jO  =  0  implies  W(t)  =  0.  Since  8  can  be  chosen  with  W(t)^0,  it 
follows  that  the  symmetry  property  does  not  hold.  That  the  transitivity 
property  does  not  hold  may  be  shown  by  observing  that  for  any  two  skew- 

■  ymmetric  tensors  and  Wg,  tr{ (itW^) (l+W^ )-l}  =  trfW^Wg]  =  -2^  •  ay. ,  when-  ai 
md  u>0  are  the  axial  vectors  of  W  and  W  ,  respectively.  Since  W,  and  W,  can 
be  chosen  so  that  urn  -urn  is  non-zero  [e.g.,  W,  =  VL/0]  it  follows  that  the 

o<L  /■*-»]_  rsJ^  rs/ 

product  (r+W^Kr+W^)  cannot  always  be  expressed  as  the  sum  of  I  and  a  skew- 


symmetric  tensor. 

It  is  clear  from  the  definition  (2.30)  that  if  P  differs  from  X  by 

ae 


•  n  infinitesimal  rigid  motion,  then  the  displacement  gradient  H  ^  —  -  I  of 

~  ~ 


with  respect  to  position  x  =  x(X,t)  in  the  motion  X  is  skew -symmetric  and  the 
•is;  ciated  infinitesimal  strain  i(H+HI )  is  zero. 

r**  »v 

before  proceeding  further,  we  recall  that  in  the  finite  theory,  one  is 
concerned  with  a  set  of  motions  which  differs  from  a  given  motion  x  by  rigid 


r  f  1 1  n:  . 


In  contrast,  in  the  infinitesimal  theory  one  is  concerned  with  a  sot 


of  motions  which  differ  from  X  by  infinitesimal  rigid  motions.  It  is  natural 
to  ask  to  what  extent  these  two  sets  overlap,  the  answer  to  which  is  contained 
in 

Theorein^A^.  if  a  motion  differs  from  X  €tft  by  a  rigid  motion  and  if  it 

also  differs  from  X  by  an  infinitesimal  rigid  motion,  then  9  must  differ  from 
X  only  by  translation. 

Proof.  Let  Q  differ  from  X  by  a  rigid  motion  and  separately  consider  0  dif- 

iv  /v  ~ 

fering  from  X  by  an  infinites imal  rigid  motion.  Then,  from  (2.7)  and  (2. JO), 
we  have  Q(t-a)  =  I +W(t-b)  for  some  proper  orthogonal  Q,  skew-symmetric  to  and 
real  constants  a,b.  Taking  the  determinant  of  both  sides  of  the  latter  equa¬ 
tion,  and  recalling  that  det{Q(t-a  )}  =  1,  det{I  +  W(t-b)}  =  1  +  y||W(t-b) ]|^ ,  yields 
ilVi ( t-b ) U  =  0  and  hence  W(t-b)  =  0,  Q,(t-a)  =  I.  Consequently,  Q(X,t+a  )  =  x(X,t )  +  a(t 
i.c.,  0  differs  from  X  only  by  translation. 

By  setting  X =  X  in  Theorem  A7,  it  follows  at  once  that  the  only  motions 

r^d  0<*w 

which  are  both  rigid  and  infinitesimal  rigid  are  the  translations,  i.e., 
9(X,t+a)=  X(X,t)+a(t).  In  view  of  Theorem  A7,  the  equivalence  class  K(x) 

O'"'"'  /W  ^  *~*d 

and  the  set  of  motions  that  differ  from  X  by  an  infinitesimal  rigid  motion  have 
a  non-empty  intersection  comprising  those  motions  which  differ  from  motions  in 
K (x )  by  a  translation,  but  neither  of  the  two  is  a  subset  of  the  other.  In 
particular,  the  set  K(  X)  of  rigid  motions  and  the  set  of  infinitesimal  rigid 
motions  intersect  in  the  set  of  translations,  but  neither  of  the  two  sets 
contains  the  other. 

As  noted  in  (2.32),  the  infinitesimal  strain  tensor  e  vanishes  in  an 
infinitesimal  rigid  motion;  the  converse  is  well  known  and  may  be  proved  by  a 
simpler  version  of  the  argument  used  in  the  proof  of  Theorem  3 • 3 •  It  was  shown 
following  (2.9)  that  E(X,t  ;  X )  = e(X,t  ;  x)  if  and  only  if  X  is  a  translation. 

More  generally,  we  can  prove  the  following 


fuppose  X, 9  €  III  and  X~0.  Then,  the  following  three  statements  are 

••qui  valent :  (  1 )  E(X ,t+a  :  x)  -  e(X,t  ;  9) ;  (2)  9(X,t)  --  x(X,t)  -*  a(t), 

V  X,t*-.  >  XvX,t)  +jt(t);  (3)  E(X, t+a  ;  x)  =  e(X,t  ;  9)  -  0,  where  Q  is  proper 

r’  ;i  i;al ,  a  ,L  are  vectors  and  a  is  a  real  constant. 

’ T- ■  -  1'.  In  what  follows ,  it  will  be  shown  that  (1)  implies  (2),  (2)  implies 

13  and  (3)  implies  tl).  By  Theorem  A2,  X~0  implies  E(X,t+n  ;x)=  h(X,t  ;  0} 

9_9  T 

-  vi  ,  "  • +  i{*7  ^ •  *  I]  {“77  (X,t)  -  I],  where  a  formula  of  the  type  (2.  • 

~  ~  39 

used.  If  L'(X,t+a  ;X)-e(X,t  ;  0),  then  jir—  (X,t)  -  l!j  =  ’  and  hence 
30  '  ~  ~  ~  ~ 

,t  '•  1 .  Consequently  9(X,t’>  =  QX(X,t)  +  a(t)  and  X(X,t+a  )  Q(t  X.X.r  •  . 

•■.'"■a :  lishing  (2).  Statement  (3)  then  follows  at  once.  likewise,  itumio.i  : 

f . Hows  trivially  from  (3). 

An  immediate  corollary  of  Theorem  AS  is  that  the  only  rigid  m.-ti-.  nr  f‘  r 


1  are  the  translations.  (This  was  shown  by  a  different  met 


f  li  wi: 


Ih-  significance  of  Theorem  Ao  is  that  the  infinitesimal  strain  •  r  c. 

; contrast  to  the  finite  strain  tensor  E,  cannot  be  used  to  charnel*  rir.-> 
equivalence  classes  K(x)  of  ft.  The  usual  method  of  construct  iron  infinite:  im:-1 
*  heu  r:  ,  which  involves  the  use  of  e  as  a  strain  measure,  destroys  the  specie  „ 
r -ru -•cure  consisting  of  the  partition  of  ft.  into  disjoint  set::  of  motions  that 
i'ffo-r  from  one  another  by  a  rigid  motion.  If  the  infinitesimal  theories  are 
c  invariant  under  arbitrary  superposed  rigid  body  motions,  this  special 
structure  must  be  preserved.  The  method  introduced  in  section  3  deer  pr-  s«.*rv< 
Ceis  structure. 

I:  the  context  of  this  appendix,  our  construction  of  an  invariant 
i  ■  t  iuit.ecjiafii  theory  may  be  viewed  as  follows:  By  means  of  the  mapping  tt  ,  f  ft 

■¥r 

i r  c  ,  •  particular  member  X  is  singled  out  to  represent  the  entire  class 

'-fy  in  Che  infinitesimal  theory.  The  invariant  infinitesimal  strain 


X;  in  the  motion  X.  is  defined  to  be  the  usual  infinitesimal  strain 


tensor  evaluated  for  the  motion  X  ,  i.e.,  e  (X,t  ;  x)  =  e(X,t  ;  tt(x) ) •  By 

orf  rsj  /v  ^  /v 

Theorem  3-2,  this  construction  preserves  the  structure  induced  by  fj\  by  the 

equivalence  relation  "differs  by  a  rigid  motion"  and  hence  the  infinitesimal 
* 

strain  measure  e  may  be  used  to  characterize  the  equivalence  classes  K(x) 

in  tU.  In  particular,  the  entire  class  of  rigid  motions  is  characterized  by 

* 

e  =  0. 
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